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Foreword 


Many times throughout the course of their history, theoretical physics and 
mathematics have been brought together by grand structural ideas which 
have proved to be a fertile source of inspiration for both subjects. 

The importance of the structure of holomorphic functions in several vari- 
ables became apparent around 1960, with the mathematical formulation of 
the quantum theory of fields and particles. Indeed, their complex singularities, 
known as “Landau” singularities, form a whole universe, and their physical 
interpretation is part of a particle physicist’s basic conceptual toolkit. Thus, 
the presence of a pole in an energy or mass variable indicates the existence 
of a particle, and singularities of higher complexity are a manifestation of a 
ubiquitous geometry which underlies classical relativistic multiple collisions 
and also includes the creation of particles, which lies at the heart of quantum 
interaction processes. 

On the pure mathematics side, one can safely say that this branch of 
theoretical physics genuinely contributed to the birth of the theory of hyper- 
functions and microlocal analysis. (For example, one can mention the initial 
motivation in the work of M.Sato at the time of the “dispersion relations” , 
which came from physics, and also the work of A. Martineau, B. Malgrange, 
and M.Zerner on the “edge-of-the-wedge” theorem, which came out of the 
first meetings in Strasbourg between physicists and mathematicians). 

For a mathematical physicist, these holomorphic structures in quantum 
field theory have a deep meaning, and are inherent in the grand principles of 
relativistic quantum field theory: Einstein causality, the invariance under the 
Poincaré group, the positivity of energy, the conservation of probability or 
“unitarity”, and so on. But it is in the “perturbative” approach to quantum 
field theory (whose relationship with “complete” or “non-perturbative” the- 
ory can be compared to the relationship between the study of formal power 
series and convergent series), that the holomorphic structures which gener- 
ate Landau singularities appear in their most elementary form: namely, as 
holomorphic functions defined by integrals of rational functions associated to 
“Feynman diagrams” . 


xX Foreword 


It is to Frédéric Pham’s great credit that he undertook a systematic anal- 
ysis of these mathematical structures, whilst a young physicist at the Service 
de Physique Théorique at Saclay, using the calculus of residues in several 
variables as developed by J. Leray, together with R.Thom’s isotopy theo- 
rem. This fundamental study of the singularities of integrals lies at the inter- 
face between analysis and algebraic geometry, and culminated in the Picard— 
Lefschetz formulae. It was first published in 1967 in the Mémorial des Sciences 
Mathématiques (edited by Gauthier-Villars), and was subsequently followed 
by a second piece of work in 1974 (the content of a course given at Hanoi), 
where the same structures, enriched by the work of Nilsson, were approached 
using methods from the theory of differential equations and were generalized 
from the point of view of hyperfunction theory and microlocal analysis. 

It seemed to us that, because of the importance of their content and the 
wide range of different approaches that are adopted, a new edition of these 
texts could play an extremely important role not only for mathematicians, but 
also for theoretical physicists, given that the major fundamental problems in 
the quantum theory of fields and particles still remain unsolved to this day. 

First of all, we note that the methods developed by Frédéric Pham have 
had wide-ranging impact in the non-perturbative approach to this subject, 
by allowing one to study holomorphic solutions to integral equations in com- 
plex varieties with varying cycles. Such equations are inherent in the general 
formalism of quantum field theory (they are known as equations of “Bethe— 
Salpeter” type, and are intimately connected to general unitarity relations). 
In this way, it is possible, for example, in the case of collisions between massive 
particles which are described in a general manner by the structure functions 
of a quantum field theory, to disentangle the singularities of a “three-particle 
threshold”, which appears as an accumulation point of “holonomic singulari- 
ties” (here we refer to a classification of the singularities of collision amplitudes 
considered by M. Sato). 

Some extremely tough problems remain open concerning this type of struc- 
ture in the case when massless particles are involved in collisions, which is of 
considerable physical importance. The type of analysis that we have just de- 
scribed above (the case of collisions involving only massive particles) concerns 
properties of field theory which are independent of “problems of renormaliza- 
tion”, which are a different category of crucially important problems. These 
appear on the perturbative level as the need to redefine primitively-divergent 
Feynman integrals, and have recently been cast in a new light by the work of 
Connes and Kreimer, who brought a Hopf algebra structure into the picture. 
Nonetheless, on a general, non-perturbative level, the problems of renormal- 
ization still appear to be at the very source of the problem of the existence of 
non-trivial field theories in four-dimensional space-time. 

This “existential problem” was brought to light by Landau in 1960 in the 
resummation of renormalized perturbation series in quantum electrodynamics 
and is exhibited, at a more general level, by the simplest scalar field theory 
with quartic interaction term. This phenomenon involves the “generic” cre- 
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ation of poles (and other Landau singularities) as a result of renormalization, 
in a region of complex space where such singularities are forbidden by general 
principles. In fact, the existential flaw of these models appears to be related 
in a deep way to the absence of an important property, known as “asymptotic 
freedom”, for the field structure functions at very high energies. 

Are non-abelian gauge theories, which are conceptually richer and also 
closer to the experimental complexity of particle physics, capable — as one 
could hope since they can incorporate asymptotic freedom — of reconciling 
renormalization with the fundamental holomorphic structures which arise 
from the grand principles of relativistic quantum physics? In the current state 
of particle physics, in which the “standard model” of field theory is considered 
to be very reliable in a vast range of energies, the construction and mathe- 
matical analysis of the simplest quantum field theory with non-abelian gauge, 
namely a Yang-Mills model, is a challenge which cannot be avoided (and the 
reason why it has been chosen as the subject of one of the major mathematical 
problems posed by the “Clay Institute” in the year 2000 ...). 

In such a conceptually rich subject as quantum relativistic field theory, 
it seems extremely important to continue to develop the point of view of 
holomorphic structures and complex singularities in tandem with structures 
such as symmetries and gauge groups, which have been the most recent driving 
forces for research. In this light, the present work offers us a panoply of results 
from which a mathematical physicist should be able to draw great benefit. 


Jacques Bros 
(Service de Physique Théorique, CEA Saclay) 


Part I 


Introduction to a topological study of 
Landau singularities 


Introduction 


This work is an up-to-date version of a collaboration undertaken by D. Fotiadi, 
M.Froissart, J. Lascoux and the author, which led to the two articles [12, 
29], and whose results are reproduced here and extended (without, however, 
reproducing all the proofs). I have endeavoured to present a coherent whole 
which is understandable to the non-mathematical reader, and many sections 
(and almost the entirety of the first two chapters) merely consist of reminders 
of well-known mathematical concepts. However, we will assume that the reader 
is familiar with the basic rudiments of general Topology.” 

The starting point for this work was the desire to understand an important 
chapter in the physics of elementary interactions — the problem of “Landau 
singularities”. After reading the numerous works inspired by the article of 
L.D. Landau [18], one is struck, on the one hand, by the elegance of certain 
results, such as the “Cutkosky rules” [5], and the universal nature of these 
results which go beyond the original scope of perturbation theory (as indeed 
Landau had predicted), and on the other hand, by the extreme complexity 
which seems to produce a new “pathology” every time the subject is studied 
in greater depth. 

We shall see that a systematic study of the problem can be undertaken 
in a very general mathematical setting, where the “good” results cease to 
be miraculous and the “bad” results cease to be pathological. The general 
problem is to study the analytic properties of functions defined by multiple 
integrals. The integration can take place in Euclidean space, as in the case of 
“Feynman integrals” in perturbation theory, or on a submanifold of Euclidean 
space, as in the case of “unitarity integrals”. The integrand is an analytic 
function which depends analytically on external complex parameters, and by 
introducing the “associated complex manifold” of the integration manifold, 
we can assume that the singular locus of the integrand is an analytic subset of 


' The numbers in square brackets [ ] refer to the “Bibliography” on page 143. 
? Such as can be found at the beginning of the short book by A.H. Wallace [39], 
for example. 
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the complex manifold of all the parameters (both internal and external). This 
analytic subset naturally projects onto the manifold of external parameters, 
and one can consider its apparent contour. We shall see that, due to “Thom’s 
isotopy theorem” (chap. IV), the integral is an analytic function outside this 
apparent contour, which is called the “Landau singularity” of the integral. 

Here, we already see an explanation for the “pathologies” observed by 
physicists: we know, for example, that apparent contour curves in the plane 
have “generic” cusps. In three-dimensional space, apparent contour surfaces 
generically have, not only “lines of cusps”, but also isolated singularities called 
“swallowtails”, and so on. 

We have at our disposal a lot of information about singularities which 
appear “generically” along apparent contours, due especially to the work of 
R. Thom [36], of which will give only the most superficial account. 

Note that we are concerned not simply with apparent contours on man- 
ifolds, but on apparent contours on analytic sets. To define them, we will 
use a “stratification” of analytic sets, which was a concept introduced by 
H. Whitney [42] and R. Thom [37]. This is a partition of an analytic set into 
manifolds known as “strata”. The “incidence relations” between the different 
strata will form the basis of a classification of Landau singularities, related to 
what the physicists call the “hierarchy of singularities”. 

After these purely geometric considerations, we will describe the nature 
of the singularities of the analytic function defined by an integral, in the case 
where the singular locus of the integrand is a union of subvarieties in general 
position. We will show (in chapters V and VII) how the integration cycle 
deforms when the external parameters describe a small loop around a Landau 
singularity; this is the problem of the “ramification of the integral’. From 
this, we will deduce (in chap. VI) some precise expressions for the “singular 
part” of the analytic function on its Landau singularity, at least with the 
hypothesis that the integrand has only polar singularities. We will see that in 
this case, the integrand can have only poles, algebraic singularities of order 
two, or logarithmic singularities. Note that this work did not require much 
creativity, since the essential bulk of it was already done by J. Leray [20]. 

We will notice in passing that the “Cutkosky rules” are a trivial conse- 
quence of the “ramification” formulae given above, and of Leray’s theory of 
residues. Several physicists (notably, Polkinghorne’s group [13]) had already 
suspected a link between these Cutkosky rules and the residue calculus, but 
they were not able to formulate this precisely owing to a lack of adequate 
mathematical tools. We recall that “homological” concepts, which are essen- 
tial for Leray’s theory, were precisely invented by Poincaré [30] (1895) in order 
to generalize the residue calculus to many variables, and to compensate for 
our lack of geometric intuition in “hyperspace”. 

Our account will be purely mathematical, but even if it is of clear interest 
to physicists, applying it in practice is never free of certain problems. I will 
outline these below. 
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First of all, it is “unfortunately” easy to see that in certain physical situ- 
ations, the geometry of the Landau singularities is not “generic” in the sense 
of Thom. I will broach this question in my thesis (in preparation). Let us only 
say here that these “accidents”, which are not mysterious in any way, do not 
seem to create any serious difficulties. 

Another practical problem is to construct an effective “stratification” of 
the analytic set under consideration. To the physicist, this subset is simply 
a union of submanifolds in general position in affine Euclidean space, and so 
the stratification is trivial. But unfortunately, we are only allowed to apply 
Thom’s isotopy theorem to the “compactified” set,? which poses the appar- 
ently rather difficult problem of constructing a stratification “at infinity”. It 
would be important to know how to solve this in order to exhibit all “Landau 
singularities of the second kind” (which is the name by which the apparent 
contours of the “strata at infinity” are known to the physicists [9]). 

Let us also point out that the fundamental mathematical problem is to 
extend the results obtained here, which are essentially local, to global results, 
and this is the main point of using homological concepts. We can, for example, 
ask the following question: are all “Landau singularities” effectively singular 
“somewhere” (in other words, on at least one “branch” of the multivalued 
function defined by the integral)? This leads to the following homological 
problem. Chapter V (§1.2) defines a representation of the fundamental group 
of the “base” (the manifold of the external parameters) in the homology space 
of the “fibre” (the integration manifold). How can one know if this represen- 
tation is irreducible? It goes without saying that the “recipe” proposed at the 
beginning of section 3 (in chap. V) for solving such problems, is merely wishful 
thinking, since it is only easy to apply for the simplest of Feynman integrals 
(cf. an unpublished article by D. Fotiadi and the author). For a slightly less 
trivial Feynman integral, the calculation of the homology groups is in its own 
right a difficult problem (cf. a paper by P. Federbush [11]). One should recog- 
nize the fact that the general setting in which we have cast the problem is a 
little too simplistic, since we have mainly used the differential structure of the 
manifolds being studied, and a little of their analytic structure, but we have 
not at all used their algebraic structure.* 

I wish to express my thanks to D. Fotiadi, M. Froissart, and J. Lascoux, 
for the many discussions out of which this work grew; to Professor J. Leray 
whose “theory of residues” provided us with the initial ideas; and to Professor 
R. Thom for the patience and kindness with which he guided us. 


3 Not to mention the need to have a compact domain of integration in order for 
the integral to make sense. 

* Let us indicate two recent articles where algebraic concepts come into play. In [32], 
Regge and Barucchi study some Landau curves using methods from algebraic 
geometry, and in [24], Nilsson defined a class of multivalued analytic functions 
with certain growth properties whose singular locus is an algebraic subset, and 
showed that this class is stable under integration. 
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Differentiable manifolds 


1 Definition of a topological manifold 


An n-dimensional manifold is a Hausdorff (1)' topological space X such that: 

(Xo) Every point « € X has a neighbourhood U,, which is homeomorphic 
to an open subset FE, of Euclidean space R”; 

(X,) X can be covered by at most a countable number of such neighbour- 
hoods. 

A homeomorphism h : U =, E is called a chart on the neighbourhood U, 
or “local chart” on X, and U is called the “domain” of the local chart h. 

We shall always assume from now on that these “domains” U are open 
connected sets (this convention is purely for convenience, and does not result 
in any loss of generality). 

A family of local charts {hi Rey E;} such that UJ; U; = X is called an 
atlas of X. 

Property (Xj ) can therefore be stated as follows: “X has a countable 
atlas”. 


2 Structures on a manifold 


2.1 


” 


To equip the manifold X with a “differentiable structure ” is to require that 
all the local charts on X are “patched together” differentiably: we say that 
two chartsh: U — E,h’: U’ = E’ “can be patched together differentiably” if 
the map h’oh~', defined on the open set h(UNU’), is differentiable (Fig. 1.1). 

In the same way, one can define a @” differentiable structure (using func- 
tions which are r times continuously differentiable), or an analytic structure, 
and so on. If the manifold X is of even dimension 2n, we will define the notion 


' Numbers such as (1) refer to “Technical notes” on page 137. 


F. Pham, Singularities of integrals, 7 
Universitext, DOI 10.1007/978-0-85729-603-0_1, 
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Fig. 1.1. 


of “complex analytic structure” by identifying real Euclidean space R?” with 
complex Euclidean space C”: 


(€1, 2, tee €2n—1; €2n) aan (&1 + 162, sired »€2n-1 + 1€2n) ; 


and by requiring the map h’oh—! to be complex analytic. In this case we say 
that n is the “complex dimension” of the variety X. 

Let us recap our definition of a differentiable structure (for the sake of 
argument) in greater detail. 

A “differentiable atlas” is an atlas in which all charts are patched together 
differentiably; we say that two differentiable atlases are “equivalent” if their 
union is a differentiable atlas; and a differentiable structure on the manifold X 
is then a differentiable atlas on it, considered up to equivalence. 


2.2 Morphisms of manifolds 


Let X and Y be two manifolds of dimension n and p respectively, each 
equipped with a differentiable structure (for example). A continuous map 
f:X —Y is called a “differentiable map” (or a “morphism between the dif 
ferentiable structures on X and Y”) if for every local chart h: U > E on X, 
and for every local chart k : V > Fon Y (which are compatible with the given 
differentiable structures) such that f(U) C V, the map ko foh7!: E—= Fis 
differentiable (Fig. I.2). 

If, moreover, the inverse map f~! exists and is also a “differentiable map”, 
then we say that f is an isomorphism between differentiable manifolds? (and, 
in this case, we necessarily have n = p). 


Special case. Y is the real line R, with its obvious differentiable structure. 
A morphism f : X — R is then called a differentiable function on X. 


? In particular, a chart h : U > E is an isomorphism between the differentiable 
manifolds U and E. 
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2.3 Remark. By “differentiable manifold”, we mean a manifold X equipped 
with a differentiable structure .7. A morphism of differentiable manifolds 
should therefore be written f : (X,.%) — (Y,%’), specifying the differen- 
tiable structures -Y and .7’ attached to X and Y, because the same space can 


ha 


ve several differentiable structures.? We will almost always omit this extra 


information when no confusion can arise. 


2.4 Examples of differentiable manifolds 


(i) 


(ii) 


3 


Euclidean space R”, or an open subset & C R”, carry the obvious differ- 
entiable structure, with an atlas consisting of a single chart, namely the 
identity map lz: E— E. 

A slightly less trivial example is projective space P”, the set of directions 
of lines in Euclidean space R"*!: two points x, x’ €R"*!—{0} define the 
same point x € P” if there exists a non-zero scalar \ such that x’ = Az. 
The coordinates 79, %1,...,%p of the point x € R"++ — {0} are called the 
homogeneous coordinates of the point  € P”. Let us denote by U; the 
open subset (2) of P” given by the set of points whose i-th homogeneous 
coordinate is non-zero: 


GH FU) GS 0,1,2,.0.0). 


Let X be a manifold, let .Y be a differentiable structure on X, and let f : 


X — X be a homeomorphism which is non-differentiable (for the structure .7). 
Such a homeomorphism transforms the atlases which define the structure 7% 
into non-equivalent atlases, which will therefore define a different structure f.7. 
Clearly, this is not very interesting, because the new structure is homeomorphic 
to the previous one [f : (X,.%) — (X, f.%) is, by construction, an isomorphism]. 
But J. Milnor [23] gave an example of a manifold (the seven-dimensional sphere) 
equipped with two non-isomorphic differentiable structures. 
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(iii) 


I Differentiable manifolds 


This open set, which is obviously connected, can be equipped with a 
chart hy : U; — R” defined in the following way: h; maps the point 


@ = (%0,21,.--,%p) to the point € € R” with coordinates 
oa) Ty Li-1 
&1 ag £2 ena) ’ &j = ’ 
Xi Ly Ly 
Ti+] _ tn 
fin = ) eg {= 
XG xy 


The maps h,; are obviously homeomorphisms, and form an atlas on P”. Let 
us check that this atlas defines an analytic structure on P”. Let  € U;QNU; 
(i > j) and = h,(Z). The point Z can be represented by the homogeneous 
coordinates (£1, &2,...,€)-1,1,6),---,n), and the point h;(%) = hj o hj? 
has coordinates 


& fo i, Le G3 Git Gi =); 
&) & &; EP) GP? &; ? Ej ea b 


therefore the transformation h; o lie is indeed analytic on Uj. 

Complex projective space CP” is defined in the same way: two 
points z,2’ € C™t! — {0} define the same point z € CP” if there 
exists a scalar 4 € C — {0} such that 2’ = Az. 

The same argument as above shows that CP” is a complex analytic man- 
ifold. 

This manifold is compact (as is P”): to see this, let 


RSH {ee Cs 6i| < dyeexy (Gal <1} 


be the (compact) unit “polydisk” in Euclidean space. One sees imme- 
diately that CP” is covered by the finite family of compact sets K; = 
h, \(K) C Uj, which are the inverse images of K by the charts h;, defined 
above. 


3 Submanifolds 


3.1 


Let X be an n-dimensional manifold, equipped with a differentiable structure, 


for 


the sake of argument. 
Suppose we are given a subspace S of X, and suppose that the following 


property is satisfied: there exists a family {h; : U; — E;}, which is com- 
patible with the differentiable structure on X, and local charts on X, whose 
domains U; cover S : LU, Uj D S, and which send S into a p-dimensional plane 
R? CR”: 
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Fig. 1.3. 


It is clear that the restriction of these local charts to S defines a differentiable 
atlas of S and that the subspace S$ is thus equipped with the structure of 
a p-dimensional differentiable manifold, which depends only on the structure 
on X (and not on the chosen family {h;}). We say that S is a p-dimensional 
differentiable submanifold (of codimension n — p) of X. 


Special case. A submanifold of codimension 0 is simply an open subset of X. 


3.2 Embeddings 


If S isa submanifold of Y, the inclusion 7: S$ Sy (which to every point y € S 
associates the same point y € Y) is obviously a morphism. Such a morphism 
is called an “embedding”. More generally, an embedding of a manifold X into 
the manifold Y will be any morphism f : X — Y which factorizes in the 
following way 


Px assy, 


where fh is an isomorphism of X onto the submanifold S of Y. 


3.3 Immersions 


A local embedding will be called an immersion. In other words, an immersion 
isamorphism f : X — Y such that every point x € X has a neighbourhood U, 
for which 

f\Uc: Uz —+ Y 


is an embedding. 
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3.4 Examples. The following examples are given without any proofs. In fact, 
they will be justified by §§4.4, 4.5, 4.6. 


(i) The set S of points in Euclidean space R” which satisfy the equation 
s(z) = 0, where s is a differentiable function whose gradient never vanishes 
at the same time as s, is a closed differentiable submanifold of R”. 

The intersection of this submanifold with an open subset of R” is again a 
differentiable submanifold of R” (which is not closed). 

(ii) The map f : P”~! — P” which sends the point with homogeneous coor- 
dinates (%9,71,.--,2n—1) in P”~! to the point with homogeneous coordi- 
nates (20, 21,---,@n—1, 0) in P” is an embedding. 

(iii) A plane unicursal curve, given by the parametrization x, = fi(t), v2 = 
fo(t), where f; and fo are two differentiable functions whose derivatives 
do not vanish simultaneously, defines an immersion 


f:R—R?. 


This immersion is in general not an embedding (for example, the curve 
defined by the image can have double points). 

(iv) Let f : R — R? be the map defined by x; = t?, x2 = t?. This analytic map, 
even though it is injective, is not an embedding, nor even an immersion 
(Fig. 1.4). 


Xo 


Fig. 1.4. 


4 The tangent space of a differentiable manifold 


4.1 The tangent vector space T,(X) 


If_X is an n-dimensional differentiable manifold, an n-dimensional vector space 
T,(X) is associated to every point x € X in the following way. 

An element V € T,(X), called a tangent vector, is defined by specifying a 
point « and a pair (h,v), where h is a chart on a neighbourhood of z, and v is 
a vector in R”. We say that two pairs (h,v), (h’,v’) define the same tangent 
vector V if 

v =T,(h' oh), 
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where T¢(h’ o h~') is the Jacobian matrix of the map h’ o h~! calculated at 


point € = h(x). The coordinates v1, v2,...,Un of the vector v are called the 
“components of the vector V in the chart h” and the above relation is the 
“change of chart rule” for tangent vectors. 

If vy is a differentiable function 


p:X —R 
and V is a tangent vector to X at the point x, one easily verifies that the 
number 1 
“ A(yoh"*) (g) 
a eC) 


i=l 


is independent of the pair (h,v) which defines the vector V. It is called the 
“derivative of yp in the direction V”. 


Remark. As this interpretation of tangent vectors as derivations suggests, 
the following notation is frequently used. Given a chart h, we let 0/0€; denote 
the tangent vector whose coordinates in the chart h are all zero except for the 
i-th coordinate, which is 1. 


4.2 The tangent map 


Let f : X — Y be a differentiable map from an n-dimensional manifold X to 
a p-dimensional manifold Y. 
The tangent map 


Trf ?Tx(X) > T,(Y) [y= f(2)] 
is the linear map defined by the rule 
V = (h,v) ~ W = (kw); 
w=Te(kofoh jv [€=h(2)], 


which is obviously compatible with the change of chart rule for tangent vec- 
tors. 

This rule is also compatible with the interpretation of tangent vectors as 
derivations: every differentiable function y : Y — R defines, by composing 
with f, a differentiable function yo f : X — R, and we have 


(Tr fV)-p=V-(pof). 


Even though the following two properties are obvious, they are worth 
stating because we will see them again and again in the sequel: 


1° The identity map 1x : X — X corresponds to the identity map 


T, (12) = dg,(x) : Ta(X) — Tr(X); 


14 I Differentiable manifolds 
2° The composition of two maps 


-X £ Y g Z 
PONS Po ap ae 


corresponds to the composition of their tangent maps 


Tx f Tyg 
Tr(g 0 f) = (Tyg) ° (Te f) : Te(X) > T,(Y) —> T.(Z). 
We can summarize these two properties by saying that the correspondence 
f ~~ Tif is a “covariant functor”. 


4.3 Definition. The rank of the map f at the point x, denoted rank, f, is the 
rank of the tangent map T,, f. 


4.4 Characterization of an immersion. A differentiable map f : X" —- 
Y? is an immersion if and only if it has rank n everywhere (n < p). 


The notion of immersion, like that of the rank of a map, is local. One can 
therefore reduce (using local charts on X and Y) to the case where X and Y 
are open subsets of Euclidean space: 


X=E" CR", Y=E? CR’. 


The map f : E” — E? is therefore given by p functions of n variables 
fi(x),-.., fp(«), and we will assume that E” and E? contain the coordinate 
origin, with f(0) =0. 

If f is of rank n in E”, we can assume, for example, that the upper n by n 
minor in the table 


j ‘ i Peer 
1 
: Of; 
Ox; 
Te | ee ne a 
Pp 
is non-zero in a neighbourhood of 0. 
Therefore the functions 
Fi Ges 40a) (j <n), 


95 (Yas +++ 9p) = eee (j > n) 
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locally define a differentiable map g from R? to R?, whose tangent map is 
represented by the matrix 


u 
a hi ee 
1 
Of; 
0 
Ox; 
Myo | 
1 
Pp 


and whose determinant is non-zero. 
Therefore, by the implicit function theorem, the (differentiable) inverse 
map g ! exists in a neighbourhood of 0, and we have an isomorphism 


g:U? =U" (U?,U7 CHP). 
But g coincides with f on the n-plane R” C R? defined by the equations 
yj = 0,7 > n, so that the isomorphism g sends the n-plane U" = R" 1 UP 
onto the set S = f(U"). This set is therefore a submanifold of E?, according 


to the definition of 83.1, which means that f is an immersion. 
The converse is obvious (if f is an immersion, it has rank n everywhere). 


4.5 Submersions. A differentiable map f : X" — Y” whose rank is every- 
where equal to p (n > p) is called a “submersion”. 


Proposition. If f is a submersion, then for every y € Y, the set f—(y) is 
a submanifold of X of codimension p. 


In this case also, we can reduce to the case of Euclidean spaces. If the p 


by p minor on the left of the following table 


\ 4 
j eer Py+++,N 


1 


is non-zero, the functions 
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define a map g from R” to R”, whose tangent map is represented by the 
matrix 


GX Ts aaa Dy ove Me 
1 
, af; 
Oa; 
Po. 
0 1 
n 


which has non-vanishing determinant. 

It follows from the implicit function theorem that g defines an isomorphism 
g : U" — U’". This isomorphism sends the set Sg = U" M f—+(0) onto the 
(n — p)-plane U"~? = R"-? MU’ defined by the equations 7; =---=a, = 0. 
The set So is therefore a submanifold of codimension p. 


4.6 Characterization of a submanifold by local equations. For S CX 
to be a submanifold of codimension q, it is necessary and sufficient that each 
point y € S have a neighbourhood Uy, in X for which 


SO Uy = {x € Uy : Siy(%) = +++ = Sqy(x) = O}, 


where {Siy,..-,Sqy} is a system of q functions defined on Uy which has rank q 
(in other words, it defines a map sy : Uy — R® of rank q). 


It is clear that the condition is necessary, because if S' is a submanifold, 
the functions €)41,..-.,&€ corresponding to the chart h; of §3.1 form a system 
of rank q=n-—p in Uj. 

The converse is nothing but a restatement of the proposition in §4.5. 


Definitions. We will say that siy,..., Sq, are the local equations of the sub- 
manifold S in the neighbourhood of the point y. 

If there exists a neighbourhood V which covers the whole of S, and if there 
exist functions s;,...,8, defined on V such that 


S={reV:s(z)=---=8,(z) =O}, 
then we will say that these functions are global equations of S. 


Examples. 


(i) The submanifold P"~! Cc P” of example 3.4 (ii) has a local equation given 
by the function «,,/x; [defined on the open set U;, of §2.4 (ii)]: one would 
like to say that P"~! has x, as its global equation, but note that the 
homogeneous coordinate x, is not well-defined as a function on P”. 

(ii) Let S$” be the n-dimensional sphere in Euclidean space R"*?. Its intersec- 
tion with a hyperplane (say, 7; = 0) is a submanifold S"~1 C$”, which 
has the global equation x, (defined on the whole of S”). 
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Remark. Since the implicit function theorem also exists for analytic maps, 
the results of §84.4, 4.5, 4.6 also apply to analytic structures. 


5 Differential forms on a manifold 


5.1 The vector space (2?(X) of forms of degree p 


Let X be a differentiable manifold of dimension n, and let us choose a point 
a € X once and for all. 
A form of degree p 
gp € Q(X) 


is a multilinear antisymmetric function of p tangent vectors Vi, V2,...,Vp € 
Ti (X). 
By multilinearity and antisymmetry, 


p(Vi, V2,...,Vp) =0 


whenever the vectors Vi, V2,..., Vp are linearly dependent. In particular, there 
is no non-zero form of degree greater than n. 

The °(X) are clearly vector spaces. We can equip these vector spaces 
with an “exterior product”. 


A: 22(X) @ A4(X) — MP+4(X) 


defined by 


1 : 
(p A wy(V1, Va, ey Vata) — (+9! D-)'eVa, sey Vin) be Vissas cae Viexe) 


where the sum is over the set of permutations i of {1,2,...,p+q}, and (—)? 
is the signature of the permutation. 
It follows immediately from this definition that 


pry = (Pry. 


The vector spaces 2?(X) are finite-dimensional. Let h be a chart on a 
neighbourhood of x, and let 


sy 
06 8b’ En 


denote the vectors in T,,(X) which are represented in this chart by the unit 
vectors along the coordinate axes in R”. Let 


d&, € W(X) G@=1,2,...,n) 
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denote the form of degree 1 defined by 


dé; (=) = 6;; (the Kronecker symbol). 


Then one immediately verifies that a basis of Q(X) is given by the forms 
abi, Ndbig Ae Ad&, (14 < ta <> < Hp). 
In the case p = 0, we set 2°(X) = R, and the exterior product 
A: 29(X) @ 22(X) —+ 22(X) 


is simply multiplication by a scalar in the vector space (22(X). 


5.2 The space ?(X) of differential forms of degree p 


In everything that follows, the word “differentiable” means “differentiable of 
class 6°”. 

Suppose we are given a form y(a) € 22(X), for each point « € X, which 
varies differentiably as a function of x: in other words, in every chart h, the 
coefficients of the expansion of v(x) as a sum of exterior products of d&;(x) 
are differentiable functions of x. We then say that this defines a differential 
form of degree p: p € Q?(X). 

In addition to the “exterior product” of §5.1, the spaces 2?(X) are also 
equipped with an “exterior differential” 


d: Q?(X) — °*1(x) 
defined by 


Pp 
(dy) (Vo, Vis---sVp) = So(-)'Vi- (Vays Vis «5 Vp)s 
i=0 
where the derivative of a form in the direction V; is defined by differentiating 
the coefficients of its expansion in a chart h. 

In particular, if p= 0, y is simply a differentiable function on X, and dy 
is the differential form of degree 1 which maps the vector Vo to the derivative 
of y in the direction Vo: this justifies the notation dé; adopted at the end of 
85.1 if €1,&,...,& are the functions which define the chart h: X — R”. 


Properties of the exterior differential. 


1° dd =0 (“Poincaré’s theorem” ): this follows from the definition, using the 
fact that 
0 O 0 O 


BE; OE; BE; DE, 
2° dipAw) =dpAw+(—)’vA dy, where p = the degree of y. 
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5.3 Transformations of differential forms 


Every differentiable map 
f: xX —Y 
induces a map 
ft: (Y) — Q(X) 


defined by the “transpose” of the tangent map, in other words 
[f*¢] (Viseoes Va), g (Tr fVi,.--:Tc f Vp), 


[the indices x and y = f(x) have been added to indicate the points where the 
tangent vectors V;, T, f V; are defined]. 

This map f* has the fundamental property of commuting with the exterior 
differential: 


(to see this, use §4.2). 
Furthermore, it follows from the “functorial” properties of §4.2 that: 


1° le = Lo, (x); 
2 ifgof:X LY 4Z, then 


(go f)* = frgt :2(Z) & ary) & 27x). 


We can summarize these two properties by saying that the map f ~ f* 
is a “covariant functor”. 


Special cases. 

(i) If p = 0, y is a function, and f*y= of. 

(ii) Let S be a submanifold of X, i: S — X the inclusion map. If y € 
?(X), then i*p € ?(S) is called the restriction of y to S, and is denoted 
by |S. 


5.4 Complex-valued differential forms 


Instead of defining forms which take their values in R, as we did in §5.1, we 
could obviously have defined them to take values in C. In general, this is 
what is done when X is a complex analytic manifold: a differential form on 
a complex analytic manifold X (of complex dimension n), means a complex- 
valued differential form defined on the real 2n-dimensional submanifold un- 
derlying X. In a local chart, such a form can be expanded in terms of exterior 
products of d&,,dm,...,d&n, dn, where £1,71,---,;&n,n are the coordinates 
of the R?” underlying C”. In practice, it is often more convenient to expand 
it in terms of the forms 


d¢; =dé;+idn; and dC, = dé; — idn;. 
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If the terms ¢; do not appear in this expansion, and if the coefficients of the 
expansion are holomorphic functions, we will say that the differential form 
is holomorphic: this notion is obviously invariant under analytic changes of 
charts, and could in any case have been defined intrinsically. 


6 Partitions of unity on a @~© manifold 


The notion of a “partition of unity” plays an essential role in “local to global” 
problems on manifolds. 


6.1 Theorem. For every open cover {Ui}ier of a€~ manifold X, where I 
is any set of indices, there exists a locally finite, @° partition of unity which 
is subordinate to this cover. By this we mean a family of smooth @° func- 
tions {m;(x)}ier such that: 


(rlrme0, Sag =1; 

(72) Every point on X has a neighbourhood on which only finitely many of 
the functions 1; are supported; 

(73) the support of 7; is contained in Uj. 


Remarks. 


(i) Condition (72) ensures that the sum in (a 1) makes sense. 
(ii) Condition (72) implies that the number of 7; which are not identically 
zero is finite or countable. 


6.2 Corollary. If A is a closed subset of X, and U is an open subset of A, 
then there exists a@@ function whose support is contained in U, whose values 
are between 0 and 1, and which is equal to 1 in a neighbourhood of A. 


It suffices to apply the theorem to the open cover of X which consists of 
the open sets U and X — A. 


Sketch of proof of the theorem. We show, for any manifold which satisfies prop- 
erty (X,) (§1), that every open cover {U;} has a locally finite “refinement” (3): 
in other words, there exists a locally finite open cover {U;} such that every Uj 
is contained in at least one U;. We can even ensure that every Uu; is compact 
and contained in the domain of a local chart on X. In the same way, we can 
refine this open cover to obtain a cover {Uj} such that uv c Uj, and for 
each j we construct a @°° function ~; > 0, supported on Uj, and equal to 
1 on uy (since we are in the domain of a local chart, it suffices to construct 
such a function on domains in a Euclidean space). Since the sets Uj’ form a 
cover of X, the sum y = a pj is everywhere > 1, and therefore > 0, and 
the functions 7; = y;/y form a locally finite partition of unity subordinate 
to the cover {U;}. It is trivial to deduce the existence of a partition of unity 
subordinate to the cover {U;}, simply by collecting terms. 
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6.3 An application: construction of a Riemannian metric 


A @~ Riemannian metric on a manifold X is given by specifying a symmet- 
ric positive-definite tensor G(x) at each point « € X (that is, a symmetric 
positive-definite bilinear function on pairs of tangent vectors), which varies 
as a6 function of x. Let us show that such a metric always exists on a 
@~ manifold: if {h; : U; — E;} is an atlas on X, such a tensor G(x) can 
be constructed on each domain U; (for example, one can take the tensor rep- 
resented by the identity matrix in the coordinates of the chart h;); we then 
choose a @* partition of unity {7;} which is subordinate to the cover {U;}, 


and we set 
G(x) = » mi(x)G;(z). 


6.4 An application of 6.3: construction of a tubular 
neighbourhood of a closed submanifold 


Let S Cc X be a closed @° submanifold. Choose a @° Riemannian metric 
on X, and to every point y € S associate a family of geodesic arcs starting 
at y, of length e(y), and orthogonal to S (where ¢€ is a continuous function 
of y). As y ranges over S', this family sweeps out a neighbourhood V of S, and 
if the “radius” ¢(y) of this neighbourhood is taken to be sufficiently small,* 
then there will be a unique arc in the family which passes through each point 
x € V —S (this is true, but will be assumed here). If we let p(x) € S be the 
“base” of this arc, we can in this way define a map uw: V —S — S, which can 
be extended (@* smoothly) by the identity map on S. We say that V is a 
“tubular neighbourhood” of the submanifold S, and that w: V — S isa @™ 
“retraction” of this neighbourhood onto S. 

A useful corollary of the existence of such a retraction map is the fact 
that every differential form yp € 92(S) is the restriction of a differential form 
w € Q(X). Let t be a @™ function supported on V, and equal to 1 on S 
(cf. corollary 6.2). The differential form 7 - u*y is supported on V and can 
therefore be extended by zero @* smoothly along the exterior of V, so let 
wp € Q(X) be the differential form obtained in this way. This form obviously 
answers the question, because 


PS =n: py|S = (n|S)-wy|S=pu"y|S=p since p|S=1s 


(the identity p*y|.S = (u|S)*~ can be immediately deduced from the functo- 
rial properties in §5.3). 


4 Tf 5 is compact, we can choose a radius € which is independent of y. 
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7 Orientation of manifolds. Integration on manifolds 


7.1 Orientation of a manifold 


To “orient” a manifold X is to associate a number ¢;, = +1 to every local 
chart h: U — E of X, in such a way that for every pair of such charts 


h:U—-E, h':U'—-E, 


the sign of the determinant of the Jacobian Det Te(h’ oh!) in h(UNU’) 
is equal to enén. If there exists an orientation of X, it is clear that one can 
construct an atlas of X in which all the charts can be “patched together” using 
transformations whose Jacobians are positive. Such an atlas will be called an 
“oriented atlas”. Conversely, every oriented atlas {h; : U; > E;} determines 
an orientation: let h : U — E be any local chart, and let {hj : Uj; > Ej} 
be the atlas of U defined by restricting the given atlas (the sets U; are the 
connected components of U;1U). The open sets U 5 fall into two classes, those 
for which the Jacobian Det T(h~* 0 h/;) is negative, and those for which it is 
positive, and one easily checks (because the atlas {hj} is oriented) that the 
open sets in the first class do not meet those in the second. Therefore, since U 
is connected, one of these two classes is empty. If it is the first, we set ¢, = 1, 
and if it is the second, we set e¢, = —1. 

Let € and «’ be two orientations on X. The local charts on X split into two 
classes, according to whether e, = —e}, or +¢},, and as previously, we show 
that the domains of these two classes of charts do not intersect. Therefore if 
X is connected, one of these two classes is empty: if it is the first, e = e’; if it 
is the second, ¢ = —e’. We have therefore shown that if a connected manifold 
has an orientation €, then it has exactly two orientations, namely ¢ and —e. 


7.2 Example of a non-orientable manifold: real projective 
space P”, if n is even 


Consider the atlas {h; : U; — R",i = 0,1,...,n} of P” defined in §2.4 (ii). 
An orientation ¢ of P” determines a set of numbers ¢,,. But the Jacobian 
of the transformation h1 oho is equal to 1/€1'*'. Therefore, if n is even, the sign 
of this determinant changes between the two connected components {£, > 0} 
and {£1 < 0} of Up NUi, and therefore cannot be equal to the sign of €p,€n, 


over the whole of Up N Uj. 


7.3 Every complex analytic manifold has a canonical orientation 


This follows since every analytic map f : C” — C” gives rise to a map 
f : R?” — R?” whose Jacobian determinant is positive: a quick way to see 
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this is to observe that the real Jacobian T¢,,)(f) can be formally written 


Ofi 
OG; : 
rae 
aC, 


in the variables 


with 


As aresult, every complex analytic atlas on a manifold X is oriented, and 
this canonically determines the orientation of the manifold. 


7.4 Definition of an orientation using n tangent vectors 


If ¢ is an orientation of an n-dimensional manifold X, we can assign to every 
system of n linearly independent tangent vectors V,,V2,...,Vn € Tz(X), the 
number 


e(Vi, Vo,...,Vn) = en sgn Det ||v,;|| = £1, 
where ||v;;|| is the n x n matrix given by the coordinates of the vec- 
tors Vi,V2,...,Vn in a chart Ah defined on a connected neighbourhood 
of x. 


It is obvious that this number does not depend on the chart h and that 
if the variety X is orientable, its orientation is completely determined by 
specifying one point x and one system Vi, Vo,...,V, © T,(X) which satisfies 
é(Vi, Vo,...,Vn) = +1. Such a system will be called a “system of indicators 
for the orientation of X at the point x”. 


7.5 Definition of an orientation using a differential form of 
degree n 


Suppose that we are given a differential form y of degree n on an n-dimensional 
manifold X which vanishes nowhere. If €,&,...,&, are local coordinates in 
a chart h: U — E, then on U, y can be written: 


p = pn(a)d&y A d&g A+++ A dEn. 


The function p;,(a) does not vanish on the connected set U, and thus has 
a constant sign. If ¢; denotes its sign, then one verifies immediately that the 
correspondence h ~» €;, is an orientation on X. 
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Conversely, suppose that we are given an orientation ¢ on X. Having chosen 
a Riemannian metric G(x) (§6.3) on X, we can assign to every system of n 
tangent vectors Vj, V2,...,Vn © Tr(X) the “volume” (with respect to the 
metric G) of the parallelopiped formed by these n vectors,’ multiplied by 
the sign ¢(Vi, Vo,...,V,). In this way we have defined a differential form of 
degree n which vanishes nowhere: it will be called the “fundamental form” of 
the oriented manifold X with respect to the metric G. 


7.6 The integral of a differential form on an oriented manifold 


Let X be an oriented manifold of dimension n, and let y be a differential form 
on X of degree n with compact support. 

We define the integral of p on X, denoted f. x ¥ (strictly speaking, we 
should really write [ x,- ¥, Where € denotes the orientation of X ye 

Suppose to begin with that the support of vy is contained in the domain of 
definition U of a local chart h. If &, €2,...,&, denote the coordinates of this 
chart, y can be written 


yp = pn(€)d&y A d& A+++ A dEn. 


foemen ff faerata...dén one. 


This integral obviously converges because pp, has compact support. Further- 
more, it is independent of the choice of chart h. To see this, observe that a 
change of charts h ~» h’ multiplies the form ¢ by the Jacobian of the map 
ho h'—1, in such a way that €;,p,, is multiplied by the absolute value of this 
Jacobian, and this precisely agrees with the change of variables rule for inte- 
grals. 

Let us now do the general case. The support of y (which is compact) can 
be covered by a finite number of domains U; equipped with charts h;. Let 
{i} be a partition of unity which is subordinate to this covering. We set 


jem Lae 


and it is easy to verify that this expression does not depend on the choice of 
the partition of unity. 


We therefore set 


Remark. More generally, if the support of y is not compact, we say that the 
integral [, y “converges” if the (infinite) series }>; fy mip is summable for 
every locally finite partition of unity {7;} with compact supports. In that case 
we define [,, y to be the value of this series (this value is obviously independent 
of the choice of partition, because of the summability assumption). 


> This volume is defined by the expression (Det ||G (Vi, Vj|li,3)'/?. 
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7.7 Integration on a manifold with boundary and Stokes’ formula 


In order to define a “manifold with boundary” X, it suffices to repeat the 
definition of an ordinary manifold word for word, replacing Euclidean space 
R” by “closed Euclidean half-space” 

Re Si pi is acre Ole 
Given a “local chart” on X, the points of X separate into two classes: those 
which are mapped onto 


R® = {x1,%2,...,2n : 21 < OF 
and those which are mapped onto the hyperplane 
OR” = {0, 5.24 058q be 


One can show that this partition of X is independent of the local chart under 
consideration (this is an immediate consequence of the theorem on the topo- 
logical invariance of open sets (4)). We therefore obtain a partition of X into 
two manifolds X and 0X, of dimension n and n — 1 respectively, known as 
the interior and boundary of X (these are manifolds in the ordinary sense, 
i.e., without boundary). 

A differentiable structure on a manifold with boundary is defined as for 
an ordinary manifold. Let us nonetheless make it clear that a “differentiable 
map” on R” should mean a map which can be extended to a differentiable 
map on R”. In this way, the differentiable structure on X induces differentiable 
structures on X and OX by restriction. In the same way, an orientation of X 
induces orientations on X and 0X (in the case of 0X, we have canonically 
identified OR” with R"—!: {0,20,...,an} ~~» {a2,---,2n}). 

We define in the obvious way the tangent space of X (it is a vector space 
of dimension n), the set of differential forms on X, and, if X is oriented, the 
integral of a differential form with compact support. 


Naturally, 
b p= | g|X. 
xX xX 


Stokes’ formula. [fy is a differential form on X with compact support, 


| lox = f dy. 
Ox x 


Proof. Using local charts and a partition of unity, we can reduce to the case 
where X = R”. The form » (assumed to be of degree n — 1) can therefore be 
written 


p(x) = S- pila)day A+++ A day \+++ N dat 
i=1 
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and therefore 


d(x) = (sx 4) dx, \--+ Adan, 


i=l 


which can immediately be integrated. 


8 Appendix on complex analytic sets 


We refer to [1] and [15] for the results mentioned in this section. 


8.1 


A subset S of a complex analytic manifold X is said to be analytic at a if 
there exists a neighbourhood U, of a and a finite number of analytic functions 
81, 82,--., 8h: Ug > C called “local equations of S”, such that 


SOU, = {a € Ug: 81(x) = +++ = 54 (x) = 0}: 


The subset S' is called analytic if it is analytic at every point of X. It is 
then a closed subset of X. 

The codimension of an analytic set S at the point a is denoted codim, S 
and is the largest integer g such that one can find a complex analytic sub- 
manifold of dimension gq which intersects S$ at the point a and at the point a 
only. The number & of local equations required to define S is clearly at least 
equal to the codimension of $', but in general it will be greater except for very 
simple sets S. The dimension of S at a is dim, S = n — codim, S, where n 
denotes the dimension of X. We will assume without proof the fact that if S 
is contained in a submanifold Y C X, the dimension of S considered as a 
subset of Y is equal to its dimension as a subset of X. A further interesting 
property is that for x sufficiently near a on S, dim, S$ < dim, S. 


8.2 Analytic sets defined by an ideal 


Since all the following notions are local, we will assume that X = C”. 

Let @, be the ring of germs of analytic functions at a (i.e., Taylor series at 
the point a in n variables with non-zero radius of convergence). Let G, C @, 
be an ideal in @, (i.e., a family of elements which is stable under addition 
and such that Vf, € Ga, fa: Ga C Gag. One can show that the ring @, is 
Noetherian, in other words, all its ideals have a finite family of generators. 

Now, every finite system of generators of the ideal G, can be used to 
define a system of local equations for an analytic set, defined in the common 
domain of convergence U, of these generators. On the other hand, enlarging 
the system of generators (i.e., adding a finite number of elements of the ideal 
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to the initial system) may make the common domain of convergence smaller, 
but in no way modifies the analytic set in this smaller domain. The ideal 
G, thus corresponds to the germ of an analytic set at a (i.e., an analytic set 
defined in an unspecified neighbourhood of a), denoted S(Gq). 


8.3 The ideal of an analytic set 


If S is a set which is analytic at a, the set of all germs of analytic functions 
which vanish on S is clearly an ideal in @,, denoted i,(S). If S was given by 
some ideal Gy, how can one deduce the ideal ig(S(G,)) from it? The answer 
is given by the 


Nullstellensatz (Hilbert—Riickert). 1,(5(G,)) is the “radical” of Ga, ie., 
the set of germs of functions which belong to G, after being raised to a certain 
power. 


8.4 The rank of an ideal 


We define the rank of an ideal G, C @, to be the maximum rank of every 

Jacobian matrix which can be formed out of functions whose germs belong to 
this ideal: D( 
S1,-++-5Sm 

rank G, = sup rank <4 

S1as-+3Sma€“%a D(E1,.--,€n) 


(this number is obviously finite because the ring @, is Noetherian). 


(a) 


Proposition. S(G,) is contained in a submanifold of codimension equal to 
the rank of Ga. 


Proof. By definition of the rank r of Gz, we can extract r functions 
$1, $2,-.-,8, from the ideal G, whose Jacobian is of rank r at a (and 
therefore in a neighbourhood of a). By §4.5, these r functions are the lo- 
cal equations of a submanifold of codimension r, which obviously contains 


5(6,). 


Corollary. Rank G, < codim S(G,). 


In the special case when equality holds, i.e., rank G, = codim S(G,) =r, 
we will show that S(G,) is a germ of a submanifold of codimension r. In 
fact, by using the proposition above, we can reduce to the case where r = 0. 
We must therefore show that an analytic subset of codimension zero in C” 
is equal to the whole of C”, which follows immediately from the definition of 
codimension: since analytic functions in one complex variable can only have 
isolated zeros (unless they are identically zero), every line must cut an analytic 
set in isolated points, unless it is completely contained in it. 
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8.5 Smooth points of an analytic set 


Definitions. A point a € S is called smooth if rankig(S) = codim, S; oth- 
erwise, it is called singular point. 


Proposition. a € S is smooth = S is a submanifold near a. 


Proof. (=) was already proved in the previous section [here, we take G, to 
be the whole ideal i,(S)]. 

(<=): If S is an analytic submanifold of codimension r, we can choose 
coordinates 21, 22,...,2- near a, such that S = {z: 21 =---=2z,=0}. The 
ideal spanned by 21, z2,..., 2, at the point a (the origin of the coordinates) is 
of rank r, and is obviously equal to its own radical: it is therefore i,(S). 


8.6 Irreducibility 


The following definitions can just as well be applied locally (to germs of an- 
alytic sets) as globally (to analytic sets). An analytic set S is said to be 
irreducible if it cannot be written as the union of two analytic sets which are 
distinct from it. Otherwise, it is said to be reducible. An irreducible component 
of S is a maximal element in the family of irreducible analytic sets contained 
in S. 


Il 


Homology and cohomology of manifolds 


1 Chains on a manifold (following de Rham). Stokes’ 
formula 


1.1 


A p-dimensional “chain element” [co] on a differentiable manifold X, is defined 
by a convex polyhedron A? of dimension p, an orientation ¢ of A?, and a 
differentiable map 0: AP + X. 

More precisely, A? is a compact convex polyhedron in a p-dimensional 
affine space E?, and o is the restriction of a differentiable map defined in a 
neighbourhood of this compact set. 

If y is a differential form of degree p on X, the integral of y along the 
chain element [o] is defined by 


[e=f o*y. 
{o] AP 


The integral over the oriented polyhedron A? obviously makes sense, because 
o*y is the restriction to the compact set A? of a differential form which is 
@@~ in a neighbourhood of this compact set. 


1.2 


A p-dimensional chain y in X is defined by a finite formal linear combination 
of p-dimensional chain elements with integer coefficients. Moreover, we say 
that two such linear combinations 


nila and lei) 


define the same chain y if, for any form y, they give rise to the same integral: 


fe-Dnf end fp - 


F. Pham, Singularities of integrals, 29 
Universitext, DOI 10.1007/978-0-85729-603-0_2, 
© Springer-Verlag London Limited 2011 
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1.3 The boundary 


Let [o] = (A”,¢,0) be a p-dimensional chain element. Every face A” of the 
polyhedron A? is contained in a (p—1)-plane E?, which we can equip with 
an orientation ¢;, defined as follows: 


Ej (Vay, Vaguses Veaa) =€ (Vo, Viz Va, -.05 Vea) 


where Vo is the exterior normal vector to the face E?. 
If we set o; = 0|A?, we obtain in this way a chain element 


[oi] = (Zu Ei, di) . 


The sum of all the chain elements which correspond to all the faces of A? 
is called the boundary of [o], and is denoted O[o]. For any chain y = >0, niloil, 
we set Oy = 0, n,O[a;]. It will follow immediately from Stokes’ formula (§1.4) 
that this chain 07 does not depend on the particular representation }°, ni [0%] 
of y, and furthermore, that 007 = 0 (which follows easily from dd = 0). 


ae 
oy 7 


It suffices to prove this formula when y¥ is a chain element [a]. The general 
case follows by linearity. Setting ~ = o*y, we are reduced to the formula 


[=D fe 


which can be verified in the same way as the formula in §1.7.7 (it is in fact 
the same formula, except that A? is a manifold whose boundary is piecewise 
differentiable, whereas in 81.7.7 we assumed that the boundary was differen- 
tiable). 


1.4 Stokes’ formula. 


1.5 Chain transformations 


Let f : X — Y be a differentiable map of manifolds. To every chain element 
[a] = (A?,¢,c) in X, we will associate the chain element f,[o7] = (A?,<, foc) 
on Y, and likewise, to every chain y = 5°, ni{a;] in X, we associate the chain 
fey = Dijnifeloi] in Y: 

Obviously, [ fey P= J f*v (which is an immediate consequence of 81.5.3, 
which says that (foc)*y = o* f*y). 

This identity proves that the chain f,7 is indeed independent of the choice 
of representative for y. Moreover, combined with Stokes’ formula and the 
property df* = f*d of 81.5.3, it proves that 


Of. = fd. 


2 Homology 31 


This follows from: 


| =} ap= | frap= | af'e= fo= | a 
Ofny Su Y y ay froy 


1.6 Example. Let X = S? denote the unit sphere in Euclidean space R°. 
The parametric representation of this sphere in polar coordinates defines a 
two-dimensional chain element [o] = (A,¢,c) (A is a rectangle of length 27 
and width 7, and o : A — S$? is the map defined by “longitudinal—latitudinal” 
coordinates). The integral of any form y on this chain element is therefore 
equal to the integral of y on the sphere $*, equipped with the orientation 
€g2 “corresponding” to € (€g2 00 = «). In particular, let y be the differential 
form corresponding to the “solid angle”, in other words, the fundamental form 
(cf. §1.7.5) associated to the orientation ¢g2 and to the metric on S$? which is 
induced by the Euclidean metric on R°. We have 


/ p=Arn. 
[o] 


Observe that dy = 0 (since ¢ is of maximal degree) and that O[o] = 0. In this 
case we say that is a closed form and that [o] is a cycle. However, vy is not 
an “exact differential form”, nor is [o] a “boundary”. This means that there 
does not exist a form w such that y = dv, nor does there exist a chain y such 
that [oc] = Oy. If either were to exist, then Stokes’ formula would say that 


Sie] p=0. 


2 Homology 
2.1 


The main point of the concept of a “chain” is to act as a stepping stone towards 
the construction of “homology groups”, which we are about to define. These 
days it is preferable to use a slightly different definition of chains from the one 
given in the previous section, which has the added advantage of being valid 
for any topological space. On a manifold, all these definitions give rise to the 
same homology groups, but the modern definition enables us to extend what 
was previously only possible for differentiable maps, to the case of continuous 
maps. 

Let us therefore state some general properties for chains which were ob- 
tained in the previous section for differentiable maps between manifolds. 

To every topological space X is associated an abelian group C,.(X), called 
the group of chains of X. This group is graded by the “dimension” p of the 
chains: 


sues eae a 
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and is equipped with a “boundary homomorphism” : 
0: C,(X) — C,(X) 
which decreases the dimension by one, and satisfies 
00 = 0. 


To every continuous map f : X — Y one associates a homomorphism 
fx 1 C,(X) — C,(Y) which preserves the dimension of chains, and which 
commutes with 0. The map f ~ f., is a covariant functor (cf. 81.4.2). 


2.2 Definition (of homology). Let Z,(X) = Ker 0 denote the “kernel” of 
the homomorphism 0, i.e., the set of chains y € C,(X) such that dy = 0. 
Such a chain is called a cycle, and Z,(X) is the group of cycles. 

Let B,(X) = Im0 denote the image of the homomorphism 9, i.e., the set 
of chains of the form Oy. Such a chain is called a boundary, and B,.(X) is the 
group of boundaries. 

Since 00 = 0, B,(X) is subgroup of Z,(X). We can therefore consider the 
quotient 

A(X) = Z,(X)/Bs(X) 


which is called the homology group of the space X. Its elements are called 
“homology classes”. Two cycles belong to the same homology class if the 
difference between them is a boundary, and in this case we say that the cycles 
are “homologous”. 


All the above groups are clearly graded by the dimension of the chains 
which define them. Thus, 


H(X)= @ HylX), 


In dimension zero, we set Z(X) = Co(X), so that Hp(X) = 
Co(X)/Bo(X). But Co(X) is the free group generated by the set X (the 
group of formal linear combinations of points of X), and Bo(X) is spanned 
by linear combinations of the form [a] — [a] in Co(X), where x and wz’ are 
the endpoints of a path on X. Therefore Ho(X) is the free group generated 
by the set of path-connected components of the space X. 


2.3 Examples. 


(i) Let X = S” be the unit sphere of dimension n in R"*. It is connected, 
so Ho(S") = Z (the group of integers 2 0). Otherwise, one shows that 
H,(S”) is zero in all other dimensions, except in dimension n, where 
H,(S") = Z. This group is spanned by a cycle which can be constructed 
in a similar manner to the cycle [co] in example 1.6. 
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(ii) Let X = P” be real n-dimensional projective space. Obviously, Ho(P”) = 

Z. Otherwise, one can prove that H2,(P”) = 0 and that Hop+1(P") © Ze 
(the cyclic group of order 2), except in the case 2p + 1 = n, where 
Ho)+41(P??*') = Z. Intuitively, the generator in dimension 2p + 1 “corre- 
sponds” to a (2p+ 1)-plane P??+1 Cc Pp”. 
One can also construct chains corresponding to 2p-planes P?? C P”, but, 
because of the non-orientability of P?? (§7.2), one notices that these chains 
are not cycles but have a boundary corresponding to a copy of P??—! which 
is covered twice. It is this fact which explains why the homology groups 
in dimension 2p—1 are cyclic groups of order 2 (P??~! is not a boundary, 
but 2 P??~! is). 


2.4 Torsion 


In §2.3 (ii) above we gave an example of a homology group with “torsion”. 
We say that an abelian group G has torsion if it contains cyclic elements of 
finite order. 

In most cases which arise in practice, homology groups have a finite num- 
ber of generators, and are therefore? isomorphic to a direct sum of cyclic 
groups of finite order (Z,), or infinite order (Z). If we discard the groups of 
finite order, we obtain a free group (with a finite number of generators), which 
is called the “homology group modulo torsion”. The case where there are an 
infinite number of generators is a little delicate,? and we will (implicitly) put 
this question aside whenever we speak about torsion. 


2.5 


Let f : X — Y be a continuous map. Since the homomorphism f, : C,(X) > 
C,(Y) of §2.1 commutes with 0, it maps cycles to cycles, and boundaries 
to boundaries. It therefore induces a homomorphism f, : H.(X) — H.(Y) 
between homology groups which preserves dimensions. The map f ~ f, is a 
covariant functor. From this it follows in particular that if f: X = Y isa 
homeomorphism, f, : H,(X) ~ H,(Y) is an isomorphism of abelian groups. 


2.6 Retractions 


A continuous map r: X — A is called a retraction if: 


1° A is a subspace of X, 
2° rl|A = 1a. 


' In other words, it can be represented by a cycle constructed from a parametric 
representation of a (2p + 1)-plane. 

? This is an exercise in algebra, which is not so straightforward. 

3 For example, a torsion-free group is not necessarily free. 
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Let i: A — X be the “inclusion” from A into X. Condition 2° can be 
written roi = 1,4, from which it follows by functoriality that ri. = 174, (4) 


_=#L(X) 
yn 
H(A) = F(A) 


This diagram shows that H,,.(A) is a direct factor of the group H,.(X) [in other 
words 1G : H,(X) » H,(A) x G}. 


2.7 Example (Brouwer’s fixed point theorem). Let E” denote the closed 
unit ball in R”. Its boundary is a sphere S"~!. The space E” is “homologically 
trivial” (§2.9), which is not the case for S"~1 [§2.3 (i)]. Therefore, H,($"~+) 
cannot be a subgroup of H,(E”), so there cannot exist a retraction from E” 
onto S"-1, 

Brouwer’s “fixed point theorem” states that every continuous map f : 
E” — E” has at least one fixed point, which is a corollary of the previous 
statement. To see this, suppose that the contrary is true, ie., V2 € E”, 
f(x) # x, and let r(x) denote the point where the sphere $”~! meets the 
half-line f(x), (Fig. II.1). It is easy to check that the map r: E” — S$"! 
which is defined in this way is continuous, and clearly r|$"~! = 1gn-1. This 
would mean that r is a retraction, contradicting the statement above. 


1(x) 


Fig. II.1. 


2.8 Homotopy 


Two continuous maps fo and f; : X — Y are called homotopic (in short, 
fo ~ fi) if they can be “interpolated” by a continuous map f, : X — Y.* 
One can prove the following fundamental property: 
Two homotopic maps give rise to the same homomorphism between ho- 
mology groups: 


foz fi =| fo. = fi, |: He(X) — FY). 


4 We say that the family of continuous maps f, : X — Y (7 € [0,1]) “interpolates” 
fo and fi, if f(v,7) = f,(x) defines a continuous map f : X x [0,1] - Y. 
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2.9 Deformation-retractions 


A retraction r: X — A (cf. §2.6) is called a deformation-retraction ifior ~ 
1x. It follows from functoriality, together with homotopy invariance 2.8, that 
ix? = 1yH,(x). By 2.6, we deduce that r, : H.(X) — H(A) is an isomorphism 
(and 7, is the inverse isomorphism). 


Important special case. The space X is said to be “contractible” if there is 
a deformation retraction onto one of its points. It is therefore “homologically 
trivial”, i.e., it has the homology of a point: 


H,(X)=0 ifp>o, 
Ho(X) =Z. 


2.10 Examples. Euclidean space R” is contractible. If r : R"” — P is the 
retraction from R” onto the origin P, the relation 


fr(¥1, Go,.--;%n) = (721, TL2,...,TLn) 
defines a homotopy between 
ior=fp and tpn = fi. 


The same argument shows that every star domain in R” is contractible. In 
the same way, it is easy to see that a cylindrical surface deformation retracts 
onto its base, and so on. 


2.11 Relative homology 


Let (X, A) be a pair, in other words, a topological space X and a subspace A. 
Let i. : C,(A) — C,(X) be the homomorphism induced on chains by the 
inclusion map i: A ~ X.° The quotient group 


Cx(X, A) = Cx(X) fina A) 


is called the group of relative chains of the pair (X, A). The homomorphism 0 
clearly induces a homomorphism 


8: C,(X, A) — C,(X, A) 


which satisfies the same properties as in §2.1, and as a result, one can define 
the relative homology group to be 


BAX A= Ze, ABD, 


° This homomorphism is injective, and so one can identify C..(A) with a subgroup 
of C,(X). 
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where 
Z,(X, A) = Ker 0, B,(X, A) =Im0. 


Observe that a “relative cycle” [an element of Z,(X, A)] is represented by 
a chain of X whose boundary is a chain in A. This boundary is a cycle in A, 
and one can easily check that its homology class in A only depends on the 
relative homology class [in (X, A)] of the original relative cycle. We have thus 
defined a homomorphism 


0, : Hy(X, A) — Hy_1(A). 


The functorial properties and the homotopy property also exist for relative 
homology: it suffices to replace the word “map” by “map of pairs” in the 
statements of §§1.5 and 2.8 [a “map of pairs” f: (X, A) — (Y, B) consists of 
two pairs (X, A), (Y, B) and a map f : X — Y such that f(A) C B]. 

Moreover, the homomorphism 0, transforms “naturally”: for every map of 
pairs 

f : (X, A) — (X, B), 


the diagram H,(X, A) Si H,(Y, B) 
On On 

A)» 
(A) (fA) Hy_1(B) 


commutes (5). 


2.12 Remark (on coefficients). Instead of defining chains as being linear 
combinations of chain elements with integer coefficients, we could obviously 
have taken linear combinations with coefficients in R or C (for example). In 
this way, by taking coefficients in a field, we replace all the groups (groups 
of chains, homology groups, etc.) with vector spaces. This has the effect of 
“killing” the torsion. If the “ordinary” homology group (i.e., with coefficients 
in Z) has a finite number of generators, it defines, modulo torsion (§2.4), a free 
group with a finite number of generators, and the homology with coefficients 
in a field is simply the vector space spanned by the same generators. 


3 Cohomology 


3.1 Cochains 


On every topological space X, there is the notion of a “cochain” which is dual 
to the notion of a chain, and this will be used to construct the “cohomology” 
of X.If X is a differentiable manifold, and if we are interested in its cohomol- 
ogy with coefficients in R or C, we can replace cochains by differential forms 
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which are defined globally on the manifold. The duality is given by integration 
(this is de Rham’s theorem). 

We will state some general properties of cochains, indicating the corre- 
sponding terminology for differential forms in brackets. 

To every topological space X is associated an abelian group C*(X) [or 
vector space 22(X)] called the group of cochains of X [the space of differential 
forms on X]. This group is graded by the “degree” p of the cochains: 


CX) =BerxX) — [QA(X) = H2P(X)], 


and it is equipped with a “coboundary homomorphism” 6 (differential d) which 
increases the degree by one, and satisfies 
66 =0 [dd = OJ. 


For every continuous map f : X — Y, there corresponds a homomorphism 
f : C*(Y) — C*(X) which preserves the degree of cochains and commutes 
with 6. The correspondence f ~» f* is a contravariant functor. 


3.2 Definition (of cohomology). In complete analogy with §2.2 we have: 
e Cocycles: Z*(X) = Ker 6 [closed differential forms: 6(X) = Ker d]; 
e Coboundaries: B*(X) = Im6 [exact differential forms: dQ(X)]; 
e Cohomology: H*(X) = Z*(X)/B*(X) [= ®(X)/dQ(X)]. 

All these groups are graded by the degree of cochains: 

AMX)= @ HX) 
p=0,1,2,... 

(if X is a manifold of dimension n, the direct sum stops at n]. 

In dimension zero, we set B°(X) = 0, so that 

H(X) = ZX) [= @(X)], 

But °(X) is the vector space of differential functions on X with zero differ- 
ential. Any such function is constant on every connected component of the 


manifold X. In this way, a basis for the vector space H°(X) is given by the 
set of connected components of X. 


3.3 


Every continuous map f : X — Y induces a homomorphism f* : H*(Y) — 
H*(X) between cohomology groups which preserves the degree. 
The correspondence f ~» f* is a contravariant functor. 


Corollaries. 

e If f:X &Y is a homeomorphism, f* : H*(X) = H*(Y) is an isomor- 
phism; 

e if X retracts onto A, H*(A) is a direct summand of H*(X). 
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3.4 Homotopy 


Two homotopic maps induce the same homomorphism between cohomology 
groups: 
fo= fi == fo =fi- 


Corollary. A contractible space is cohomologically trivial, t.e., it has the same 
cohomology as a point: 


H?(X)=0 if p>0; 
H°(X) =C orR for cohomology with coefficients in C or R. 


In particular, the fact that Euclidean space is cohomologically trivial goes 
by the name of the “converse of Poincaré’s theorem”: every closed differential 
form on Euclidean space is an exact differential. 


3.5 Relative cohomology 


Let (X, A) be a pair, and let us consider a restriction homomorphism® of 
cochains: 
i* : C*(X) — C*(A). 


The kernel of this homomorphism 
C*(X, A) = Ker2*, 


is called the group of relative cochains of the pair (X, A) [in the case of mani- 
folds, this kernel will be denoted Q(X, A): it is the vector space of differential 
forms of X whose restriction to the submanifold A is zero]. 

This group is obviously equipped with a “coboundary” homomorphism 
which satisfies the same properties as in §3.1, so that we can define its coho- 
mology: 


H*(X, A) = Z*(X, A)/B*(X, A) [= @(X, A)/dQ(X, A)], 
Z*(X, A) =Keré, —_B*(X, A) = Imo. 


This cohomology is itself equipped with a “coboundary homomorphism” 
6* : H?(A) —+ H*!(X, A) 


defined as follows: let y be a cocycle of A, which belongs to the cohomology 
class h? € H?(A), and let w be a cochain of X such that i*w = y (if Aisa 
closed differentiable submanifold of X, such a differential form w always exists 
by 81.6.4; in the general case, one shows that one can choose y in h? in such 


® Recall (§1.6.4) that if A is a closed differentiable submanifold of X, the restriction 
homomorphism of differential forms is surjective. 
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a way that w exists). Then dw defines a cocycle on X, whose restriction to A 
is zero: 


Sp|A = i* 6 = di* = dy =0, 


and is therefore a relative cocycle on (X, A). One checks that its relative 
cohomology class, denoted 6*h? € H?*!(X, A), only depends on the original 
class h?. 

All the statements of §§3.3, 3.4 can be repeated in the case of relative 
cohomology by replacing the word “map” by “map of pairs” (6). 


3.6 Remark. We can say something more precise about the properties of the 
differential form dy of §3.5, when A is a closed submanifold of X. In §1.6.4 
we defined w to be equal to 7: u*y in a tubular neighbourhood of A, where pu 
was the retraction of this tubular neighbourhood onto A, and 7 was a @° 
function which was equal to 1 in a neighbourhood of A. Therefore, in this 
latter neighbourhood, 


diy = du*p = p*dp = 0, 


so that the support of dy does not meet A, which is a stronger property than 
the property dy|A = 0 which was established in §3.5. 


4 De Rham duality 


4.1 


Let us make the definition that C*(X) is the Z-dual of C,(X) (mentioned 
in §3.1) more precise. A cochain (with coefficients in Z) is a linear map ¢ : 
C,(X) — Z. To every chain 7, y associates an integer denoted (yp | 7). We 
will say that the cochain vy is of degree p if (py | y) = 0 for every chain of 
dimension different from p. The coboundary homomorphism 6 is defined by 


(op | ¥) = (e | 0%): 


This relation implies that (py | 7) is zero whenever ¥ is a cycle and ¢ is 
a coboundary, or y is a boundary and y a cocycle. As a result, (y | y) only 
depends on the homology class of y and on the cohomology class of y, and 
defines a bilinear form 


(|): H?(X) @ Hy(X) — Z. 


We can then pose the following algebraic problem: since C*(X) is the Z-dual 
of C,.(X) by (|), can we deduce that H*(X) is the Z-dual of H,.(X) by (| )? 

The answer is yes, modulo torsion. If, instead of taking coefficients in Z, 
we took them in a field, then we avoid any torsion problems and H*(X) is 
the vector space which is dual to H,(X). 
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4.2 


The duality of §4.1 becomes particularly interesting in the light of de Rham’s 
theorem. This states that we can replace C*(X) by 2(X), 6 by d, and ( | ) 
by integration in the definition of cohomology H*(X) with coefficients in R 
or C (the formula (dy | y) = (py | Oy) then becomes Stokes’ formula). 

We can therefore state the 


Theorem (De Rham duality). The bilinear form given by “integration” 
identifies the cohomology of differential forms H?(X) with the space of all 
linear functions on H,(X). 


Corollary. [fy is a closed differential form whose integral vanishes along any 
cycle, then ~ is an exact differential form. [As a linear function on H,(X), 
is zero, and therefore de Rham’s duality theorem asserts that its cohomology 
class is zero.] 


4.3 


The considerations of 84.1 can obviously be extended to relative homology 
and cohomology [the relative cochains of (X, A) are those whose restriction 
to A is zero, i.e., the cochains y such that (py | y) = 0, Vy € ixC,(A), which 
shows that C*(X, A) is indeed the dual of C,(X, A) = C,(X)/i.C,(A)]. 

De Rham’s theorem can also be extended so that the relative cohomology 
H”(X, A) of differential forms is identified, via the bilinear form given by 
“integration”, with the space of all linear functions on H,(X, A). 


4.4 Transposition of 0, and 6* 


We immediately deduce from the transposition formula (dy | 7) = (y | 07) 
(Stokes’ formula), the following transposition formula 


(0° | h) = (k | Osh), 
where O, and 6* are the homomorphisms defined in §§2.11 and 3.5: 
h © H,(X, A) + Hy-1(A); 
HP(X, A) & H?-1(A) 5 k. 
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5 Families of supports. Poincaré’s isomorphism and 
duality 


5.1 


We call a family of supports in a topological space’ X, a set & of closed subsets 
of X satisfying the following three properties: 


(P1) A,BeEed= AUB EF; 
AEe@® ; 
(22) ea, = ee 


(B3)® every A € & has a neighbourhood belonging to the family ©. 


Examples. The family F of all closed sets, and the family c of all compact 
sets, are both families of supports. 

If X is a subspace of the space Y, and W is a family of supports of Y, one 
can check that the families 


WX ={ACX: AEewv};® 
WOX={A=BNxX: Bew} 


are families of supports on X. 


In particular, cy|X = cx, Fy NX = Fx. 


5.2 Cohomology with supports in & 


We will not give the definition of the support of a cochain, which is rather 
delicate. Let us only recall, in the case of manifolds, that the support of a 
differential form yp (abbreviated to supp y) is the smallest closed set where 
p(x) # 0. 

The supports of cochains, as for differential forms, are closed sets which 
satisfy the following properties: 


(supp') supp(y + ~) C suppy Usupp y, 
(supp?) supp oy C supp ¢; 
(supp?) Vf:X —YandVweEc*(Y), supp f*y c f~ ‘(supp y). 


” Throughout this section, “topological spaces” will be assumed to be locally com- 
pact and paracompact (3). 

® Condition (3) does not play an essential role, and in any case, will only be used 
in §85.6 and 6.5. 

° In order for this family to satisfy condition (3), the subspace X must be assumed 
to be “locally closed” (i.e., the intersection of an open and a closed subset of Y). 
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Let & be a family of supports on X. Let C*(?X) denote the group of cochains 
with supports in the family ®: 


C*(#X) = {y € C*(X): suppy € $}- 


This is a group, because of (®;) (supp'), and it is stable under the coboundary 
map 6, because of (2) (supp”). We can therefore define its cohomology, 


H*(®X) = cohomology of C*(?X). 


A continuous map 
f2°X SY 


of topological spaces equipped with families of supports will be called “coho- 
mologically admissible” if f—!(W) C ®. It follows from (supp?) that any such 
map induces a homomorphism 


fr orCY) —0*EX), 
and therefore a homomorphism 
fly) BEX), 


and the correspondence f ~ f* is a contravariant functor (defined on the 
category of admissible maps). In particular, if we take the family of all closed 
sets to be the family of supports, all continuous maps are cohomologically 
admissible (since the inverse image of a closed set under a continuous map 
is closed). That is why cohomology with closed supports H*(* X), which is 
simply “ordinary cohomology” H*(X), has a privileged status. 


5.3 Homology with supports in & 


We call the support of a chain element [co] (abbreviated to supp[c]) the image 
of the map o in X. It is a compact subset of X (the image of the compact 
set A under the continuous map o). 
Let us modify the definition of chains in §1.2 by declaring that the formal 
linear combination 
y= dono 
av 


will no longer necessarily be finite, but locally finite: in other words, every 
point « has a neighbourhood U, which only meets a finite number of the 
supports of the elements [o;]. It is easy to deduce that the set 


supp 7 = Jsupplai] 


a 
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is closed, which is called the “support of the chain yy” .!° 
These closed sets satisfy the following properties: 


(supp1) supp(7 + 7’) = supp y Usupp 7’, 
(supp2) supp 07 C supp 7. 
Let us denote by C.(6X) the group of chains with supports in the family &: 
Cy (oX) = {y © C.(X): suppy € 9} - 
This is indeed a group, because of (®1) (suppi), and it is stable under the 
boundary map O, because of (®2) (supp2). We can therefore define its homol- 
ogy; 
H,(¢@X) = homology of C,(¢X). 
A continuous map 
f : pX —_— wY 
of topological spaces equipped with families of supports will be called “homo- 
logically admissible” if: 
(fi) f is “&-proper”, i.e.: 
VY compact sets K CY and VAE®@, f-'(K)NA is compact. 
(hb) Sec 


It is easy to see that condition ( f,) is equivalent to the following: 


(f{) For every locally finite family {A; C X} such that U; A; € &, the family 
{ f(A;)} is locally finite in Y. 


This condition therefore allows us to define the image f,y of a chain y with 
support in ®, and this image will have its support in W because of condition 
( f2) along with the following obvious property: 


(supps) Vf: X—Y and VyeEC,(X), — supp fxy = f(supp 7). 
Any such admissible map therefore induces a homomorphism 
fx: He(wX) — Hs (wY) 

and the correspondence f ~ f, is a covariant functor on the category of 
admissible maps. 

In particular, if we take the family of compact sets to be the family of 
supports, every continuous map is homologically admissible, since: 
1° every closed subset of a compact set is compact, 
2° the image of a compact set under a continuous map is compact. 


This homology with compact supports H,.(.X) coincides incidentally with 
“ordinary” homology H,(X) (because every locally finite family of subsets of 
a compact set is finite). 


'0 With the definition of chains given in §1.2 we run into the difficulty that the 
set Jsupp[o;] will in general depend on the choice of representative for y. This 
difficulty does not occur for the more modern definitions of chains. 
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5.4 Poincaré’s isomorphism! 


In an oriented manifold X of dimension n, there exists, for every family of 
supports ®, a canonical isomorphism 


H, (eX) » H"-?(*X)| 1 


between homology and cohomology with the same coefficients. 

We will not give the construction of this isomorphism here, since its prop- 
erties will appear naturally due to the notion of a “current”, which will be 
introduced in section 6. In much the same way as “distributions” are a gen- 
eralization of functions, “currents” are a generalization of differential forms, 
and happen at the same time to be a generalization of chains. 


5.5 Intersection index. Poincaré duality 
Let us consider the bilinear form 
(|): H?(X) @ H,(X) —- Z 


defined in §1. Poincaré’s isomorphism maps the cohomology group H?(X) 
(with closed supports) to the homology group H,—»(7X), and maps the bi- 
linear form above into the bilinear form 


(|): Hn—p(rX) ® Hp(X) — Z 


which can be interpreted as the “intersection index” of cycles. In section 7 we 
will see the precise geometric meaning of this intersection index. 
De Rham’s duality theorem becomes “Poincaré duality” : 


The homology group with closed supports H,—p(rX) is, modulo torsion, 
the Z-dual to H,(X) for the “intersection” bilinear form. 


Special case. If the manifold X is compact, the family of closed sets coin- 
cides with the family of compact sets, and Poincaré duality becomes a duality 
between the “ordinary” homology groups H,(X) and H,_»(X). 


Corollary. For every compact connected orientable manifold X of dimen- 
sion n, H,(X) * Z. 


'! Many authors call this isomorphism “Poincaré duality”. 
Corollary. All homology and cohomology groups vanish in dimension > n. 
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5.6 Leray coboundary 


Let X be a differentiable manifold, and let S be a closed submanifold of 
codimension r. We have already noted (remark 3.6) that in the construction 
of §3.5 which was used to define the homomorphism 6*, we associated to every 
closed differential form y of S, a form dw of X whose support does not meet S. 
On the other hand, the support of w~ can be taken to be an arbitrarily small 
neighbourhood of 7 (by taking the tubular neighbourhood of §1.6.4 to be 
sufficiently small). Therefore, if supp y € ®|.S, where @ is a family of supports 
of X, we can use axiom (@3) for families of supports to ensure that supp w € ©, 
and in this way, supp dw € &|X — S. 
From this, we deduce a homomorphism (7) 


6” : H?(?|s) —> HP) (?|X — 8). 


If the manifolds X and S are oriented, Poincaré’s isomorphism applied to 6* 
gives a homomorphism between homology groups 


O° : Hg_+(6|S) —> Hg_1(e|X — S) (q=n—p) 


which is called the “Leray coboundary”. It can be interpreted geometrically 
in the following way: 


the retraction u : V — S makes the tubular neighbourhood V into a 
“fibre bundle” (cf. chap. IV, §2) with base S whose fibres are spheres of di- 
mension r. The boundary V of V is therefore fibred by (r — 1)-spheres. The 
Leray coboundary map “inflates” (q —1)-cycles of S inside X — S by fibring 
them by these (r — 1)-spheres. 


Special case. & = c (the family of compact sets of X). 
|S and |X — S are therefore simply the families of compact sets of S$ 
and X — S$, and the Leray coboundary can be written 


6° : Hg_r(S) —> Hg-1(X — S$). 


6 Currents 


Throughout this section, X is an oriented differentiable manifold of dimension 
n. 


6.1 
A current j on X is a continuous linear form!? on 2(¢X). In particular: 


'3 The word “continuous” should be understood in the following way: if yi(i = 
1,2,...) are @~ differential forms whose supports are all contained in the same 
compact set (equipped with a chart) and whose coefficients, calculated in this 
chart, tend uniformly to zero, along with all their derivatives, as i — oo, then 
jlyi] + co with i. 
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e Every chain y defines a current 
iel=ln= f 
7 


e every differential form w defines a current 


ula =f wag. 


If j[y] only differs from zero on the forms vy of degree p, we will say that the 
dimension of the current 7 is p, or that its degree is n — p. We will denote 
by J,(X) = J”~?(X) the vector space of currents of dimension p (of degree 


n—p). 


6.2 The support of a current 


We will say that the current 7 is zero on an open set D if j[p| = 0 for every 
differential form y whose (compact) support is contained in D. 
The following theorem shows that the notion of a current is local. 


Theorem. If j = 0 in a neighbourhood U, of every point x € D, then 7 =0 
on D. 


To see this, let {t2},¢p be a locally finite partition of unity which is 
subordinate to the covering {Uz},¢p. For every form y supported on D, 


ile = i] Lite] = Do ileee] =0 


(since the support of y is compact, the sum only has a finite number of non- 
zero terms, which then enables us to use the linearity of 7). 


Definition. The complement of the largest open set on which 7 = 0 is called 
the support of j (the previous theorem gives a meaning to the notion of the 
“largest open set where j = 0”). 


If j is a form (resp. chain), this definition coincides with the notion of the 
support of a form (resp. chain). 


Remark. Clearly, the symbol j[y] can even be defined for forms y with non- 
compact support, provided that supp 7 M supp y is compact. More generally, 
we can even define the “convergence” of the symbol j[y], in an analogous way 
to the convergence of an integral (§I.7.6). 
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Currents with supports in a family ®. We will let 
Jp(oX) = J” ?(oX) 


denote the vector space of currents of dimension p with supports in a family &. 
Let f : eX — wY be a differentiable map, which is homologically admissible 
(§5.3). We will show that it induces a linear map f, : Jp(@X) — Jp(wY), 
which is the transpose of the linear map f* on differential forms (the corre- 
spondence f ~» f, will therefore be a covariant functor). 
Since f is &-proper (property (f1) of §5.3), the closed set 
supp j supp f*b C supp jN f ‘(supp y) 


is compact for every current j with supports in ® and every form w with 
compact support. We can therefore define the current f,7 by the formula 
(fxJ)[v] = g[f*v]. On the other hand, one can easily check that 


supp fxj C f(supp J), 


so that, by property ( f2) of 85.3, supp fag € W. 


6.3 The boundary and differential of a current 


The current 07 is defined by 


Ojl~] = Jldy]. 


By Stokes’ formula, this definition coincides with the usual definition of the 
boundary when the current 7 is equal to a chain. 
The current dj is defined by 


dj = w dj. 


where w is the linear operator which multiplies a current of degree p by (—)?. 
Let us check that this definition coincides with the usual definition for the 
differential when the current 7 is equal to a form w: 


dwfel= f awrp= fi away) —ww ray 


= -| ww \ dp = —ww[y] = —Oww|y] = wdu[y]. 
x 


6.4 Homology of currents 


This is defined in the obvious way from the operator 0 or d (which amounts 
to the same thing), and we will write it 


HyJ(oX) = H"-?J(oX) 


for currents of dimension p (of degree n — p) with supports in the family &. 
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6.5 Homologies between currents and differential forms 


We saw in §6.1 that every differential form defines a current: we therefore have 
a canonical map 

(2X) — J(eX). 
Theorem. This canonical map induces an isomorphism of cohomology 
groups: 


H? (2X) = H?J(pX). 


The idea of the proof is to construct a “regularization operator” R-, which 
commutes with 0, and maps every current toa @~ form (by “smoothing” it by 
a @~ function, in the same way that one regularizes a distribution to produce 
a function). We can take the parameter € to be small enough that the operator 
R- modifies the currents by as small an amount as we desire. In particular, 
the support of Rz7 can be taken in an arbitrarily small neighbourhood of 
the support of 7, and can therefore be made to belong to the same family of 
supports [by axiom (3) for families of supports]. 


6.6 Homologies between currents and chains 

Since every chain defines a current (§6.1), we have a canonical map 
C.(@X) — J(eX). 

Theorem. This canonical map induces an isomorphism of homology groups: 
H, (6X) ® H,J (6X). 


By composing this isomorphism with the isomorphism of §6.5, we obtain 
Poincaré’s isomorphism (§5.4). 


6.7 A useful example: the current defined by a closed oriented 
submanifold 


A closed oriented submanifold S of dimension p (with or without boundary) 
obviously defines a current of dimension p: 


sly] = if als 


[we required that S be closed to ensure that supp(y|S) is compact if supp y 
is]. 

The support of such a current obviously coincides with the set S. 

By Stokes’ formula as given in 81.7.7, its boundary is the current defined 
by the oriented submanifold 0S. In particular, if the submanifold S' has no 
boundary, it defines a “closed” current, and therefore a homology class on 
the space X. However, the converse, that every homology class of X can be 
represented by a submanifold, is in general false (it depends on the dimen- 
sion). This difficult question forms part of the theory of “cobordism” due to 
Thom [35]. 
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7 Intersection indices 


7.1 


In §5.5 we defined the intersection index (7' | y) of two cycles (or rather 
their homology classes). More generally, we will try to define, at least in certain 
cases, the intersection index (k | j) of two currents 7 and k. 

If & is equal to a differential form, we will set (& | 7) = j[k]: this is nothing 
other than the integral Jj k; if 7 is equal to a chain, whereas if 7 is also equal 
to a differential form, 


la=a)= fink. 


Now let j and k be two arbitrary currents. We will say that the symbol 
(k | 7) has a meaning if, whatever the choice of regularizations R, and R‘ 
(cf. §6.5), (Rik | R-j) tends to a limit when ¢ — 0, and we define (k | j) to 
be equal to this limit. 

If supp 7 M supp & is compact, and if one of the symbols (k | 07), (dk | 7) 
has a meaning, then the other also has a meaning and they are equal: 


(R’k | ROj) = (R’k | ORj) = (dR’k | Rj) = (R’dk | Rj). 


In particular, (& | 7) = 0 every time that one of the currents is closed and 
the other is homologous to 0. Therefore if 7 and k are two closed currents 
(07 = Ok =0), (k | 7) only depends on the homology classes of j and k. 


7.2 


We say that the current 7 is @© at a point x if it is equal, in a neighbourhood 
U, of x, toa @~ differential form w (ie., if 7 — w = 0 in Uz, in the sense 
of §6.2). The set of points where j is @° is clearly an open set. Its complement 
is called the “singular support” of the current 7. If supp 7 Msupp k is compact, 
and if the singular supports of 7 and k& do not meet each other, the symbol 
(k | 7) clearly has a meaning, since this locally reduces to the case where one 
of the two currents is a @% form. In fact, it is possible to prove a stronger 
theorem (due to de Rham), using certain properties of regularizations: 


Theorem. The symbol (k | j) has a meaning if supp 7 MN supp k is compact, 
and if the singular support of each current does not meet the singular support 
of the boundary of the other current. 


14 Algo called the “Kronecker index” . 
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7.3 


Suppose that the currents j and k are defined by closed oriented submanifolds 
with or without boundaries, S; and $5 (cf. §6.7). By observing that the support 
of a @~ form cannot be of measure zero, one sees that the singular supports 
of these two currents are simply the sets S; and S2 (unless the dimension of 
one of these submanifolds is n). 

The preceding theorem can be stated as follows: in order for the symbol 
(S_ | $1) to have a meaning, it is enough for S; 1 S2 to be compact and 


O81, 082 = S,NOS2 = @. 


We shall give a simple method for calculating this symbol in the case where 
the submanifolds S$; and $2 (of dimension p and n—p) intersect transversally 
(10). 

Their intersection is therefore a set of isolated points «“),x@,..., at 
which is finite because S$; M S2 is compact. Let us say that the orientations 
of S; and Sj match at the point x if the system of tangent vectors at the 
point «@: 


N) 


(Vi, V2,---,Vp, Wi, Wo,...,Wr-p), 


obtained by concatenating a system of indicators (V;, V2,..., Vp) for $1, and 
a system of indicators (Wi, Wo,...,Wn-—p) for S2, is a system of indicators 
for the orientation on X. 


Theorem. (52 | $1) = Nt — N-, where N+ (resp. N—) is the number of 
points x where the orientations of S,; and Sz match (resp. do not match). 


It clearly suffices to prove it in a neighbourhood of a point +. In other 
words, it suffices to check that if 


X = R”" =R? x R” ?, oriented by the vectors a ; g eg eg : 
Ox,’ Ox OLn 
; 0 a) 
S — RP ” ” ” ee pene) - 
1 ’ (sa 5) 5) a) ’ 
So —_ R”?, ” ” ” ( 0 see a =) , 
OXy+1 OLy 


then (Sp | $1) = 1. This can be checked directly, by using a regularization 
construction (which we have not given here). 


7.4 Example. Let X be the n-dimensional complex sphere (of real dimen- 
sion 2n), and let S be the compact submanifold of dimension n defined by the 
real part of this sphere. We will give X the canonical orientation coming from 
its complex analytic structure, and give S an arbitrary orientation. Then the 
intersection index of S$ with itself is given by E. Cartan’s formula [2\: 


0 if n is odd; 
(S| S)= vac if n is even. 
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Proof. S defines a closed current since it has no boundary. By §7.1, the inter- 
section index is not changed if we replace the submanifold S by a submani- 
fold S$’ which defines a homologous current: 


(S"| S) = (S| S). 


We can then ensure that S’ intersects S transversally, in order to be able to 
use §7.3. 

It is convenient to observe that the complex sphere X is homeomorphic to 
the “tangent bundle” of the real sphere S, i.e., the space of all tangent vectors 
at every point of S. If 


Zk = Le +1Yk (k =0, 1, 2,...,n) 


are the coordinates of C"t!, the equation of X in C"*+ can be written: 


n 
2 ; z-x—y- y=, 
giz= 5 z,—1, ie., { 2 
= z:-y=0. 


Now map any point z € X to the point with coordinates x, //1 + y- y in the 
real Euclidean space R”*+!, and to the vector with components y; which is 
based at this point. This clearly defines a homeomorphism from X onto the 
space of tangent vectors of the unit sphere $ C R”+!. In this way, every vector 
field which is tangent to the unit sphere represents a submanifold S’ C_X, 
which is clearly homologous!’ to the original submanifold S (represented by 
the zero vector field). Thus, we are reduced, by §7.3, to study the points 
where such a vector field vanishes. Let us take, for example, the vector field 
y(a) defined by the coordinates (in the ambient Euclidean space) 


peel Adee (he 1, Qyais5%t)s 
yo(2) = (xp — 1), 


where \ is an arbitrary positive parameter (Fig. II.2). 
This vector field is indeed tangent to the sphere, since 


x-y(x) = Axo(a- a -—1)=0. 


Furthermore, it only vanishes at the two poles P* of the sphere 


PY :4,=% =::+=2, =), fo SL 


Near these two poles, the coordinates x71, 22,...,%, provide a local chart of 
the sphere, and the field y(x) is approximately 


ye(x) ~ +Aa, near the point P~. 


' Tn fact, every vector field on a manifold is obviously homotopic to the zero vector 
field: it suffices to multiply it by a scalar \ which tends to zero. 
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Pt 


wa 


a 
Fig. II.2. 


Asa result, if the manifold S$ is described near Pt by the system of indicators 
a. ace 
Ox,’ Ox2’? ” OXn’ 
the manifold S’ will be described by the system of indicators 
Dy eee 
Ox Oy, Ox Oy2 OXn OYn 


(which tends to the first system when A — 0, which shows that we have 
oriented S’ in the correct way) (cf. Fig. II.3). 


Ve 


Fig. II.3. 


We then see, by recalling that the canonical orientation of a complex man- 
ifold is given by the system of indicators 


O O 0 O 0 O 
Ox,’ Oy.’ Ox2’ Oy? ~~? Oty’? OYn’ 


that the orientations of S and S$’ at the point P* match, up to the sign 
(—)r@-)/?, A similar argument at the point P~ gives the same result mul- 
tiplied by (—)” [because of the minus sign in the equation y;,(a) = —Az,]. 
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We therefore obtain the result stated earlier: 
(S' |S) = (-)?@V?P (14 (-)”). 


Remarks. 


(i) The result for odd n could be obtained directly by using the skew 
symmetry of the intersection index 


(s! | S) = (eas Se | S'), 
which in this case gives: 
(S| S) = (-)" (S| S)- 


(ii) A corollary of the result for even n is the well-known theorem which 
states that a continuous vector field on an even-dimensional sphere necessarily 
vanishes somewhere. 


Ill 


Leray’s theory of residues 


This theory generalizes Cauchy’s theory of residues to complex analytic man- 
ifolds. Throughout this chapter, X will denote a complex analytic manifold, 
and, up to section 4, S' will denote a closed analytic submanifold of complex 
codimension 1. A local equation for S (with non-zero gradient) in a neigh- 
bourhood of one of its points y, will be denoted s,(z) = 0. If S has a global 
equation, this will be denoted by s(a) = 0. In general, the subscript y will 
mean that a function (or a differential form) is only defined in a neighbour- 
hood Uy C X of the point y € S. 


1 Division and derivatives of differential forms 


1.1 Lemma (on the division of forms, local version). If w, is a differ- 
ential form (which is regular in the neighbourhood under consideration) such 
that dsy \wy = 0, then we can choose a form Wy near y, which is also regular, 
such that 

Wy = dsy A Wy. 


The restriction |S of this form only depends on wy and sy, and is denoted 


Ww 

Py|S = oe : 
YIs 

If wy is holomorphic at the point y, ty can be chosen to be holomorphic at 

that point, and as a result, wy|S is holomorphic. 


Proof. This is obvious on choosing local coordinates €1, €2,...,&, on X such 
that s,(a) = €;, and by expanding the differential forms in the basis spanned 
by d&1, d&,...,d&,. The uniqueness of the restriction w,|S follows by observ- 
ing that if w, =0 (ie., di Aw, =0), then w, must have d&, as a factor, and 
d&,|S = 0. 
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1.1 Lemma (on the division of forms, global version). If S has a global 
equation s(x) = 0, and if w is a regular differential form on X satisfying 
ds \w =0, then we can choose a regular form w on X, such that 


w=dsAw. 


We denote the restriction of this form by w|S = w/ds|g. This restriction only 
depends on w and s, and is holomorphic if w is holomorphic. 


Proof. We construct forms wy, locally as previously, and superimpose them 
using a partition of unity (note that if w is holomorphic, there is no reason 
for the form w constructed in this way to be holomorphic. However, ~|S is 
holomorphic, by the local lemma). 


1.2 Derivative of a form 


In contrast to the division of forms, the notion of the derivative of a form with 
respect to s supposes that s is a global equation. 

Let w be a closed regular form on X, such that ds \w = 0. By lemma 1.1, 
there exists a form w, which is regular on X, such that w = ds A w 1; since w 
is closed, 


ds A dw, = —dw = 0 => Aw, : dw, = ds \ wy; 


but 


ds \ dws = —d(dun) =0 => Jus, io So, 4 dwy_1 = ds A We. 


Every step in this construction involves a choice (the choice of w in 
lemma 1.1). Nonetheless, 


1.3 Proposition. The cohomology class of wa|S on S is well-defined given w 
and s. 


Proof. It suffices to show that if w = 0, wa|S is cohomologous to zero. Now, 


w=ds\w, =0=54yx1: w1 =dsAXxi, dw, = —ds A dx; 
and 


dw, = ds \ wy => ds A (wo + dy1) = 0 


4 Ayo >: wa = —dx, + ds A x2, dwz = —ds \ dx2; 


and 
dw, = ds \ w3 => ds A (w3 + dyz) =0, ... 
a4 Ava: We = —dX¥g_1+dsA Xa. 
As a result, 


We|S aaa d(—Xe-1|9) . 
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1.4 Notation. The cohomology class of w|S in S is denoted d**w/ds*| 5: 
a1 


d 
Wa|S € asa 


=| eH*(s). 
Ss 


This notation suggests formally writing 


de-1 (ds A w1) 
ds® 


-1 
d Wy 


= a-1 
gs ds 


Wa|S 


2 


S 


and, likewise, if w = dw’ (still satisfying ds \ w = 0), 


d*—1(dw") 


wal S ds@ 


Leray shows that these conventions are coherent, and that the “derivatives” 
defined in this way satisfy the usual rules for the calculation of derivatives 
(Leibniz’ formula). 


1.5 Remark. All the above could have been done in the case of real manifolds 
in the same way (where S' is of real codimension 1). In this case, Gelfand and 
Chilov [14] have introduced the notion of division and derivation of forms, in 
order to define the “Dirac measure” 6(s) and its derivatives. Let X = R”, and 
let S CR” be an oriented submanifold defined by the equation s(x) = 0. The 
action of 6(s) on a test function f(x) is defined by 


woil=f Z|. 


where w = f(x)dx, A dx2 A---A dx, (note that the dimension of S' is indeed 
equal to the degree of w/ds|,, which is n — 1). In the same way, the a-fold 
derivative of 6(s) is defined by 


d@ 
s(Qt= f can 


Physicists use these concepts all the time. 


Ss 


2 The residue theorem in the case of a simple pole 


2.1 Lemma (Residue form). Let y be a closed regular form on X —S, with 
a “polar singularity of order 1” along S, i.e., Vy € S, syp is the restriction 
of a form wy, which is regular in a neighbourhood of y, to X — S. Then there 
exist regular forms w, and 0, near y, such that 


ds 
p= — A yt 9y, 
Sy 
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where Wy|S is a closed form which only depends on . It is called the “residue 
form” of yp, and is denoted 


SyP 
res[y] = FE] 
YIS 


This form is holomorphic if p is meromorphic. 


Proof. (i) Existence of wy, and 6,. The form dw, is regular, and ds, A dw, = 0 
(since dwy = ds, A p on X — S'). Thus, by lemma 1.1 (local version), there 
exists a regular form 6, near y such that dw, = ds, A6,. The form sy(y— 6y) 
is regular, and 

dsy \ 8y(y — By) = 0, 


so there exists near y a regular form qy such that 
Sy(p — By) = dsy A dy. 


(ii) ~y|S only depends on vy and s,. It is enough to prove that if y = 0, 
then w,|S = 0. But, 


ds, _ 
<2 A Wy + Oy = 0 => dsy \Oy=0 = 36), Oy =dsy A}, 
7] 

=> dsy A (by + 5y9),)= 0 => 64, dy + 5y61, = dsy AO" 


=> wy, |S = 0. 


(iii) y|S does not depend on sy. Let s¥ = 0 be another local equation 
for S near y. 
If p = (ds,/sy) \ Wy + Oy, we can write in the same way 


ds* 
y= —! A wy + d(log “) A by + Oy. 
sy sy 


But since s,,/ s;, is a non-zero holomorphic function near y, its logarithm is 
regular, and so we can set 


0; = by + d( log =) Ady, 
y 
vy = Wy. 
(iv) W,|S is closed. Since ¢ is closed, 
d 
YU 1 diby — dy = 0; 
Sy 


but, by the argument in (ii), this implies that dy,|S = 0. 


(v) Justification of the notation res|y] = syp/dsy|,. In the case where 
ds, \ y = 0 near y, we can do the construction in (i) with 6, = 0, and yy|S 
coincides with the form w,/ds,| defined by lemma 1.1. 
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2.2 Leray coboundary 


The definition in §11.5.6 provides, in the particular case which interests us 
here (codimg S = 2), a homomorphism: 


§* : Hy(S) — Hpta(X — 8). 


We will interpret this geometrically in some more detail. 

Let V be a closed tubular neighbourhood of the submanifold S$, equipped 
with a retraction 4: V — S which makes it into a fibre bundle, with fibres 
given by the unit disk D in the complex plane (we can think of the complex- 
valued function s,, restricted to each fibre p~'(y’), as giving an isomorphism 
of this fibre for y’ near y onto a disk in the complex plane, and this isomor- 
phism gives the fibre a canonical orientation). Let o be a chain element of 
dimension p of S, which, by abuse, we can take to be an oriented polyhedron 
which is embedded in 9. The set s~!(c) is the product of the disk D with the 
polyhedron o, and defines in X the chain element, or “cell”, 


wo =D®o 
(the oriented product of the oriented cells D and c). Its boundary? is 
Ono = 0(DGoc) =IODEcC+D@ 00. 


Let 6, : Cp(S) — Cp41(X — 5’) be the homomorphism which maps a chain 
element o to the chain 0D ® <a. Intuitively, this homomorphism “inflates” the 
chains of S in X — S by fibring them with the circle OD. It anti-commutes 
with the boundary homomorphism, because 


06,0 = 0(0D ® co) = —OD ® 00 = —6,, Oa. 
It therefore descends to homology, and defines a homomorphism 
8, : Hp(S) —> Hp4i(X — 8) 
which coincides with 6* up to a sign. In fact, 
O* = wos 


(to understand this sign, cf. the formula of §I1.6.3, which relates the boundary 
and the derivative of a current). In the sequel, the homomorphism 6,, will be 
called the Leray coboundary, and will simply be denoted by 6. 


' The general formula for the boundary of a product is: 


O(c @ rT) = 0 @r + (-)" a @ Ar. 
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2.3 Transposition of 0 and 6 


Let o be a cycle in S (of dimension p), and let 7 be a relative cycle of (X, S) 
(of dimension 2n — p—1 ). By composing o with Poincaré’s isomorphism, and 
by applying Stokes’ formula, one sees that 
(d*0 | T) = (a | Or). 

In other words, 

(—)?** (540 | 7) = (a | Or). 
This relation can be illustrated by the following geometric argument 
(Fig. III.1). 


oD A 


x 


Fig. IIL.1. 


Let us suppose that the cycles o and 7 are homologous” to submanifolds, 
which will enable us to use definition II.7.3 for intersection indices. Suppose 
also that the submanifold 7 intersects S transversally. We can choose the 
metric in such a way that 7 is a locus of geodesics which are orthogonal to S. 
Therefore, if the retraction y is defined using this metric, and if 6,0 and 7 
intersect transversally at the point x, then o and Or will intersect transversally 
at the point p(x). Let be the geodesic which joins x to p(x), oriented in 
this direction. At the point x, the submanifolds 6,,¢ and 7 can be locally 
represented by the oriented products 


dn9 =OD ®o, 
T=X®QOr, 
which gives the orientation rule 
Ex (T, 6,0) = €x(A, 07, OD, a) = (—)Pex (A, OD, OT, 0) 
= (—)Pec(A, OD)es(Or, c) = (—)Pt1e5(87, 0). 


2.4 Theorem (Residue theorem). If y is a cycle on S (with compact sup- 
port) and vy is a closed differential form on X — S with a polar singularity 
along S of order 1, we have the “residue formula”: 


| p=2ni f resi), 
oy Y 


? As currents. 
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where res|y] is the residue form of y, as defined in §2.1, and dy is the Leray 
coboundary of 7, as defined in §2.2. 


Proof. Consider a family of representatives 6,,,7 for the homology class 67, 
defined by retractions ue : Vez — S, where the “radius” ¢ of the tubular 
neighbourhood V,- tends to zero. We have 


fe-f y for alle, so = lim Y. 
oy Spe? e0 Oued 


Let o be one of the chain elements of y, with support contained in the do- 
main U of a local chart on X. For sufficiently small ¢, the support of 6,.0 
will be in U, so that if the coordinate €; of the chart under consideration 
represents the local equation of S, we will have 


p= BP avre in U, 
1 


and 


d 
lim / y = lim a1 Aw 
e0 J 5g £30 Jap.@o §1 


= lim = [ vis=2ni f vis =2ni f resia. 
e—0 OD. fi o o o 


2.5 Corollary. The cohomology class of res|y| in S only depends on the co- 
homology class of p in X — S. It is called the “residue class” of yp, and is 
denoted Res|y]. 


Proof. If y is cohomologous to zero in X — S, its integral over every cycle of 
X — § (and in particular over every cycle of the form 67) is zero. Therefore 
12 res|y| is zero for any cycle y in S. But by de Rham’s theorem, this means 


that res[y] is cohomologous to zero in S. 


3 The residue theorem in the case of a multiple pole 


3.1 Theorem (Existence of the “residue class” (J.Leray)). Every 
closed regular form yp on X —S is cohomologous in X — S to a form @ which 
has a simple pole on S. 


Definition. The cohomology class of res[¢], which is defined uniquely by 
corollary 2.5, is called the residue class of y and is denoted by Res|y]. 


We will admit this theorem without proof, but in §3.3 will indicate a case 
where the construction of a form ¢ is easy to do explicitly. 
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3.2 Theorem (Residue theorem). If y is a cycle on S (with compact sup- 
port), and y is a “closed” form on X — S, we have the “residue formula”: 


| p=2ni | Resto), 
oy Y 


where Res|y] is the residue class of y, whose existence is guaranteed by theo- 
rem 3.1. 


This is an immediate consequence of §§2.4 and 3.1. 


3.3 Construction of the residue class when S has a global equation 


Hypotheses. S has a global equation s(x) = 0, and the form y has a polar 
singularity on S' of order a (a > 1), i.e., s*y can be extended to give a form 
w which is regular on X. 


The problem is to construct a form @ which is cohomologous to y in X —S, 
and has a polar singularity of order 1 on S. 

By an argument based on §2.1 (i) (but which uses the global lemma 1.1), 
one can prove the existence of forms w and 6, which are regular on X, such 


that 
0 


ga-l : 


_ 1 w 1 du 
e=al 4) + onl (4 +0) 
In other words, y is cohomologous in X — S to the form 
% 1 dy Q 
gt-l ~~ ga-l \q—] ' 


which has a polar singularity on S of order a — 1. The form ¢ is constructed 
in this way by induction on a. 


d 
y= - Aw+ 
Therefore, 


3.4 Relation with the notion of the derivative of a form 


Let us add the hypothesis ds A y = 0 to the hypotheses of §3.3. In this case, 
the form w = s%y is regular and closed in X: dw = as*~'ds A y = 0, and 
obviously ds \ w = 0. Therefore the hypotheses of §1.2 are satisfied, and it is 
obvious from the construction of §3.3 that the residue class Res[y] coincides 
with 1/(a — 1)! times the class d*~1w/ds®|s defined in §1.2: 


1 de hw 


Res[y] = (ei)! de y 


In the general case, Leray takes this relation to be the definition of the symbol 
d*~!w/ds*|s, and shows that this convention is compatible with the usual 
operations on derivatives (cf. §1.4). 
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4 Composed residues 


4.1 


Let $1, 52,...,5m, be m closed analytic submanifolds of X of complex codi- 
mension 1, which intersect in general position, in other words, near every 
intersection point 


ye S'=()S; (PCT 8 nest); 
iel 


the differentials ds; (i € I) are linearly independent (s;, denotes the local 
equation of S; near y). Therefore, every intersection $7 is a complex analytic 
submanifold of SY for J Cc I, of complex codimension |J|—|j|, by §1.4.5. Thus, 
by replacing the pair (X, S$’) of the preceding sections by appropriately chosen 
pairs, we can define a sequence of “residue” homomorphisms: 
A?(X — $1 U-+-U Sin) 


Be ls Spec Sy) 


2 (Si Oy Sys Sy) een) 
as well as a sequence of “Leray coboundary” homomorphisms: 


Hy(X — S,U--+U Sim) 


OL Hi) = 8508) 


2 5: dm 
22 e695 71 Sy Sa) eee BIS 
These homomorphisms can be composed to give homomorphisms 


Hex = 8022082) 22 BU 8), 
FOr =cS eS tS) 


which are “transposed” by the composed residue formula: 


| 2 = mi” i: Res" [y] 


(it suffices to apply the ordinary residue formula m times). 


4.2 Skew symmetry of the composed coboundary 


The cycle 
Oy = 61 0620-0 bm 
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is obtained by “fibring” y by an oriented product of m unit circles? 
OD, ® OD2z ®-+-+® OD yp. 
As a result, if 7 is a permutation of {1,2,...,mb}, 
bm, 0 Ong 0*** 0 Om Y = (=)"41 0 62 0+ ++ 0 bm 7s 


where (—)” is the signature of the permutation. Stated differently, the com- 
posed coboundary is a skew-symmetric operation with respect to the indices 
1,2,...,m, and the same is therefore true for the composed residue. 


4.3 Calculation of composed residues 


The composed residue of a form y with polar singularities of order 


Q1,Q2,---;A@m on $1, $2,..., Sm is written 
1 (eit +am-Me) 

(a1 —1)!-+-(Q@m — 1)! dsf* A dsg? A+++ A dsm" | g.7...AS_ 
where w = s/''s5?...8¢™y, and can be calculated by analogous methods to 
those discussed in previous sections. 

If 51, 52,..., 5m are global equations, and if w is a regular differential form 
near S1,52,...,5m, such that 
ds, \---Ad8m \ dw = 0, 
we set 
Qu res || ger hee day Ase Adaeg AG] 
Oe a0 |e ds Rar Adee le 


The “partial derivatives” defined in this way satisfy all the usual rules for 
partial derivatives (symmetry with respect to the indices, Leibnitz’ formula, 
and the change of variable formula). 


5 Generalization to relative homology 


All the concepts in the preceding sections can easily be generalized to relative 
homology and cohomology. If S and S$” are two complex analytic submanifolds 
3 Note that the composed coboundary 6” has nothing to do with the coboundary 
6° : Hp(S1N+++A Sm) —> Hptoam—1(X — $19-++A Sim) 
obtained by applying the definition of §II.5.6 to the submanifold 


810+: Sm CX. 
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of codimension 1, which intersect in general position, one defines the Leray 
coboundary 
6: H,(S,S") — Hpyi(X — S,S") 


using the same construction as in §2.2, except that one chooses the retraction ju 
in such a way that 4(.S”) C S$” (to do this, one can take a metric near S such 
that S’ is a locus of geodesics which are orthogonal to S). 

In the same way, there is a“residue” homomorphism: 


Res : Hy41(X — 5,5’) — H,(S, 8"). 


The residue formula is still the same: 


| p=2ni | Resle 
oy Y 


where, this time, y is a relative cycle on (.$,S’), and y is a closed differential 
form on X — S satisfying y|S’ = 0. 


IV 


Thom’s isotopy theorem 


1 Ambient isotopy! 


Recall that a homeomorphism g : (X, A) = (Y, B) between two pairs of topo- 
logical spaces consists of a homeomorphism g : X *% Y and two subspaces 
AC X,BCY such that g/A: AB. 


1.1 


A homeomorphism 
g: (x, So) eS (X, Sy) 


is called an ambient isotopy? of Sy in X if there exists in X a family of 
subspaces {.$;}-¢[0,1) which interpolate So and $;, and a family of homeo- 
morphisms gr : (X, So) & (X,S;) which depend continuously? on 7 such that 
go = identity, g1 = g. 

The subspaces Sg and $; are therefore called “isotopic in X”. Let us 
emphasize that an ambient isotopy consists solely of the homeomorphism g: 
the “interpolating families” {S,} and {g-} are assumed to exist, but are not 
specified; the extra data giving these families will be called a realization of 
the ambient isotopy. The homeomorphisms which realize an ambient isotopy 
can be conveniently represented on a diagram such as figure IV.1. 


1.2 
We will say that two ambient isotopies 
g,h : (X, So) ~ (xX, Si) 


' Even though this concept is sufficiently interesting in its own right, one can first 
read section 1 of chapter VI for some motivation. 

? More precisely: an “ambient isotopy from So to S$ inside X”. 

3 This means that the map G : X x [0,1] — X defined by G(2,7) = gr(x) is 
continuous. 
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So S, S 


LL > | | 
8, 
S) 
>e | 
§ =x 
So S; 
LS P| 
8 
S, S 
= |e > commemeeneeen| —| 
Sas, 
Fig. IV.1 


are equivalent (in short, g = h) if the same family of interpolating spaces {S,} 
can be used to realize both of them. The relation g = h is indeed an equivalence 
relation: the reflexivity and symmetry are obvious; and the transitivity is too 
by the following 


1.3 Lemma. Let g = h be two ambient isotopies realized by 
Gr, hy : (X, Sq) © (X,S,). 


If another family of interpolating spaces S’ can be used to realize g, then it 
can also be used to realize h. 


To see this, let gi : (X, 50) ~ (X,S1) denote the second realization of g. 
It follows that h can be realized by 


hi. poet oh, : (X, So) os (Ce 8))s 


Definition. The equivalence classes for the relation = will be called ambient 
isotopy classes. 
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1.4 Theorem. Two equivalent ambient isotopies are homotopic. 
S, ‘ i 
If g = h, the family of maps y; = ho hz! og, realizes the homotopy: 


iS ips h: (X, So) ~ (X, $1). 


oy, geese s, 
sug. = 
he pe ; aaa 
So Sq Ss; 


1.5 Corollary. Two ambient isotopies which are equivalent induce the same 
isomorphisms between homology groups: 


gH=h= a= hs: H,(¢X, So) & H, (eX, $1) 
or H,(|X = So) ~~ Hi, (|X = Si) 
or H,.(6|So) = H,(|5$1) 


for every family of supports ® which is invariant under homeomorphisms. 


1.6 Example. We set: 

X =C (the complex plane); 

So = 51, the set consisting of two points « = +1, «= —1,; 
g, the identity map; 

h, the “symmetry map centred at O”: h(x) = —a. 


The homeomorphisms g and h: (X, So) * (X, So) are ambient isotopies of 
So in X. They can be realized by 


S; = So, with g-=1x 
and S. = {moe 2 Set} with 
h, =rotation by the angle mr: h,(x) = e'"7a. 
These isotopies are not equivalent, since 
gx : Ho(So0) —> Ho(So) 
is the identity automorphism, whereas 


hy : Ho(So) =? H(So) 


is the automorphism which swaps the two generators of Ho(So) (since h in- 
terchanges the two points « = +1, 7 = —1). 
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2 Fiber bundles 


2.1 


A fibre bundle will be a topological space Y equipped with a projection (a 
continuous surjective map) 
t:Y —T 


onto a space T which is called the base, such that for all t € T, the space 
Y; = 7~1(t) is homeomorphic to a given space X which is called the fibre. 
Y; is called the “fibre over t”. 


Trivial example. The product space X x T, equipped with the obvious 
projection onto T. 


Fiber bundle map. A “fibre bundle map” f : Y — Y’ from a fibre bundle Y 
toa fibre bundle Y’ with the same base T is a continuous map which “respects 
the projection map”, i.e., such that the diagram 


x 


y’ 
de 
T 


commutes. In other words, f maps the fibre Y; into the fibre Y/ over the same 
point t. In particular, if Y = X x T and Y’ = X’ x T, giving a fibre bundle 
map f is the same as giving a continuous map jf; : X — X’ which depends 
continuously on t. 


The inverse image of a bundle. Given a continuous map k : T’ — T, we 
naturally associate, to every bundle Y with fibre X and base T, a bundle Y’ 
with the same fibre X but with base T’, along with a commutative diagram: 


v2 sy 


| |r 


T’ —> T 
This bundle will be called the inverse image of the bundle Y by the mapk [in 
shiort,.Y =k “(Y j]. 
The construction is done in the following way: the space Y’ is the subspace 
of Y xT’ consisting of the points (y, t’) such that 7(y) = k(t’), and the maps 7’, 
k are defined by 


my ty=t,  ky,t’) =y. 

Special case. If T’ is a subspace of TJ’, and k is the natural injection, then 
k-1(Y) is identified with the subspace of points in Y which project onto T’. 
We say that k~1(Y) is the restriction of the bundle Y to T’ [abbreviated to 
eUY\ = YT": 
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Sections of a bundle. A “section” o of the fibre bundle Y is a continuous 
map 0: T—/Y such that 70a = 17. In other words, a section maps every 
point t of the base to a point on the fibre Y;, continuously with respect to t. 


2.2 The trivial bundle 


A fibre bundle Y is called “trivial” if there exists a homeomorphism of bundles 
f:Y xX x T,i.e., a homeomorphism f such that the diagram 


Y f XxX T 
NA 


commutes. 
The homeomorphism f will be called a “trivialization of a bundle” of the 
bundle Y. 


Examples of non-trivial bundles: 


2.3 


Let Y = T = C — {0} denote the punctured complex plane, and 7: Y > T 
the map 7(y) = y?. The fibre Y; is the set of two points 


y=vet and y = —vi. 


X is therefore a space consisting of two points. 
Y is not homeomorphic to X x T, since Y is connected, but X x T is not. 


2.4 


Let T be a differentiable manifold of dimension n, and let Y be its “tangent 
bundle” (cf. Example II.7.4). 

Here, Y; is the vector space which is tangent to the variety at the point f, 
and the fibre X is therefore a vector space of dimension n. A section of Y is 
a continuous vector field on T. It is easy to see that the tangent bundle of an 
even-dimensional sphere is not trivial. We have already seen in 8II.7.4 that 
two sections of this tangent bundle always intersect, which would not happen 
if the bundle were trivial. 


2.5 Locally trivial fibre bundles 


The fibre bundle Y is called “locally trivial” if every point t of the base has a 
neighbourhood ©;, such that Y|O; is a trivial bundle (8). 

Often, when one speaks of a fibre bundle, the phrase “locally trivial” is 
implied. All the examples that we have given are locally trivial. A classical 
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theorem states that every locally trivial fibre bundle over a contractible base 
is trivial.* 

Another useful (and obvious) property is that the inverse image of a [lo- 
cally] trivial fibre bundle is [locally] trivial. 


2.6 Pairs of fibre bundles 


The notions above naturally extend to the case of pairs of topological spaces 
(cf. §11.2.11). A pair of fibre bundles with base T will be a pair (Y, S') equipped 
with a projection 7 : Y — T such that for every t € T, the pair (Y;, S;) is 
homeomorphic to a given pair (X, 5) [we have set S; = 1~!(t)N S]. The pair 
of fibre bundles (Y,S) will be called trivial if there exists a homeomorphism 
of fibre bundles f : Y ~ X x T such that 


f\S:S 2% Sox T. 


In the same way, one can define a locally trivial pair of fibre bundles. 


Isotopy class of a path. Let (X x T,S) be a locally trivial pair of fibre 
bundles with base T, and let A: [0,1] — T be a path in T. The pair of fibre 
bundles \~!(X x T,S) is locally trivial, with contractible base [0,1], and is 
therefore trivial. 

A trivialization of this pair is equivalent to giving a continuous family of 
homeomorphisms 


fr (XX such that fr|Sx(7) : Sy(1) y So, 
and therefore an ambient isotopy 
9 =f," ° fo: (X, $y) © (X, Sx) 


whose class obviously does not depend on the choice of trivialization, but only 
on the path. 

In fact, let us show that this class only depends on the homotopy class of 
the path: if A and \’ are two paths with the same endpoints 


to = A(0) => (0) and t= A(1) => (1), 


a homotopy (with fixed endpoints) between these two paths is a continuous 
map A from the square 


4 The base must be assumed to be locally compact and paracompact. 
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to T, such that 
Al[0,1] =A, Al[0’",1] =’, A([0,0]) = to, A([1, 1’]) = th. 


After identifying all the points in the segment [0,0’] on the one hand, and 
those in [1,1’] on the other hand, we are reduced to a continuous map A,z, 
from the diagram 


(A) 


»\: 
(X) 
into T. The fibre bundle Ay*(X x T,S) is locally trivial, with contractible 
base, and is therefore trivial. A trivialization f, : X ~ X of this fibre bundle 


(01) 


defines, by restriction, a trivialization of A~!(X x T,S) and X’"1(X x T,S). 
Therefore the homeomorphism g = fy 1 9 fo is an ambient isotopy associated 
to two paths \ and 2. 


2.7 Example. Let X = C, T = C — {0}, and let S be the submanifold of 
X x T with the equation x? — t = 0. The pair of fibre bundles (X x T, 3S) 
is locally trivial, and its fibre is the pair (X,S; = {x = 1,x = —1}). One 
can associate the ambient isotopy h of example 1.6 to the path X: [0,1] — T 
defined by A(T) = e’77. 


3 Stratified sets 


3.0 Example. Consider the surface S' defined in Euclidean space R?, by the 
equation 
a? —y’z=0 (Fig.IV.3) 


and decompose it into manifolds as follows: 
S=AUA UA CATO A, 
where 
Ai = S17 {y > 0}, AZ = SN {y < 0}, 
Ai={e=y=0,2>0}, Aj={cr=y=0,z <0}, 
A® = the origin. 


We say that we have stratified the set S, and the manifolds A are called the 
strata. The boundary of a stratum A is the set 0A = A-—A. In the particular 
case considered above, 


042 =0A2=A!UA2, OAL =0AL=A°, OA. =@. 
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Fig. IV.3. 


3.1 Primary stratification 


Let Y be a differentiable manifold of dimension p, and let S be a closed subset 
of Y. We say that S is equipped with a primary stratification if S has a family 
of nested closed sets 


S= SPD SP? D.---D GP Dee, pi >pe2>+:>py>ees 


such that 

1° (“strata”) SPs — SPA+1 is a differentiable submanifold of Y, of dimension 
px, whose connected components A?* (assumed to be finite in number) are 
called the strata;° 

2° (“boundary property”) the boundary 0A = A— A of a stratum A is a 
union of strata of dimension strictly less than those of A. 


3.2 Example. If, in example 3.0, we had taken the subvarieties A?, A} and 
A't={x=y=0} as “strata”, the boundary property would not have held. 


3.3 Primary stratification of a complex analytic set 


Let o denote the operation which to any complex analytic set S' associates 
the analytic set o(S) of its singular points. Starting with an analytic set S, 
one can construct, by iterating the three operations 0, M and “decomposition 
into irreducible components”, a family of irreducible analytic sets S,. We set 


Aa = Sa— |) Se, 
BXa 


where 3 < a means that Sg is strictly smaller than S,. Aq is, by construction, 
an analytic submanifold. Since Sq is irreducible, A, is connected, and Ag = Sq 
(cf. [1], § 44 C), so that 


dAa = (J Sp. 


Bxa 


> We use the convention that a manifold of negative dimension is empty. 
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The boundary property is therefore satisfied. In this way, we have canonically 
constructed a primary stratification of S. 


3.4 Example. Let us repeat example 3.0, but in C? rather than R°. 
The canonical construction above gives the family of sets 


{5? = 5, S'=<o(S) =the 2 axis}, 


The canonical stratification is therefore 
A=s-—s', Ab=sS!. 


3.5 Example. Let S = $,;US2U---US,, be a union of closed submanifolds in 
general position. The canonical construction above gives the following family 
of non-singular analytic sets 


Bi Sy Sy, SeSp Sey oes,” 
and hence the stratification 


A; = Si — (Si S;), 
At 
Ay =5:5;- J 5:15;5p, ... 
kAiAj 


3.6 Regular incidence 


The stratum A is said to be incident to the stratum B (abbreviated to A < B) 
if A C OB. The family of strata B to which A is incident is called the star 
of A. 

In order to define a stratification, we will impose some extra conditions on 
the primary stratification, called “regular incidence”. These conditions will 
be local, so that we can assume that the ambient manifold Y is a Euclidean 
space (9). We will denote by T,(A) the hyperplane (in the Euclidean space Y) 
which is tangent to the stratum A at a point a € A. We will say that the strata 
A Bare regularly incident at a point a of A if the two following conditions, 
called Whitney’s conditions A and B, are satisfied as the point b of B varies 
in a neighbourhood of a: 


A. the angle between T,(B) and T,(A) tends to zero with |b — al; 


° More precisely, one must consider the connected components (<=> irreducible 
components) of these varieties. 
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B. ifr: B > Aisa local retraction’ of B onto A, the angle between T;,(B) 
—> 
and the vector b,r(b) tends to zero with |b — a|.° 


Examples. 


3.7 


Consider example 3.2 (or rather 3.4, if we wish the boundary condition to be 
satisfied, but this is of no great importance). At a point along the axis Oy, 
the tangent plane to the stratum A? is horizontal, and therefore orthogonal 
to the stratum A!: Whitney’s condition A is not satisfied at the origin by the 
strata Al < A?. 


3.8 
Let S C R® be the surface defined by the equation 
y(y—2?)+2?=0 [“the tapered cone”, Fig. IV.4] 


with the strata 
A! =the z axis, A? =S-— A’. 
Let r: A? — A! be the orthogonal projection of A? onto the axis At. When 
the point b tends to zero along the parabola Az M {x = 0}, the tangent plane 
— 


T,(A?) becomes orthogonal to the direction b,r(b): Whitney’s condition B is 
not satisfied at the origin by the strata At < A?. 


” In other words a map (defined in a neighbourhood of a) r : B — A such that 
rUta : BUA — A is continuous. Strictly speaking, it is therefore r U 14 
which is a “retraction”. In order to construct r, one can “foliate” Y with parallel 
hyperplanes which are transversal to A near a, and define r(b) to be the point of 
intersection between A and the hyperplane passing through b. 

8 Observe that if A is satisfied, condition B for any one retraction r implies B for 
every retraction. 
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3.9 


Let S Cc R® be the cylinder (Fig.IV.5) defined in semi-polar coordinates 
(p,0,z) by the equation p = e® and let the stratum A! be the z axis, and 
A? =S-— Al. 


Fig. IV.5. 


The strata A! < A? do not satisfy Whitney’s property B anywhere [the an- 
a, 
gle between the plane T;,(A”) and b, r(b) is constant]. Observe that property A 
is satisfied even though the plane T;,(A?) has no limit as b tends towards A!. 
This is the reason why condition A was not formulated as follows: 


A lim T}(B) > T,,(A). 


ba 


Definition. A primary stratification will be called a “stratification” if every 
pair of incident strata A < B is regularly incident at every point a of A. For 
example, if we “refine” the primary stratifications of examples 3.7 and 3.8 by 
adding the origin as a zero-dimensional stratum, we obtain a genuine strati- 
fication. 


4 Thom’s isotopy theorem 
4.1 


We have seen in §2.6 how the notion of an ambient isotopy is related to the 
notion of a “locally trivial pair of fibre bundles”. Thom’s theorem allows one 
to verify the local triviality of a pair of differentiable fibre bundles. Suppose 
that 7 : Y — T is a differentiable map from a manifold Y to a connected 
manifold T, and that S is a stratified subset of Y. To lighten the statements, 
observe that to give a stratified subset S of Y and to give a stratification of 
the whole of Y, amounts to the same thing, since it is enough to consider the 
connected components of Y — S as strata also. We say that the stratified set Y 
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is a [locally] trivial fibre bundle if there exists a stratified set X and [locally] 
a homeomorphism of fibre bundles f : Y ~ X x T which maps every stratum 
of Y to the product of a stratum of X with the manifold T. This property 
obviously implies the [local] triviality of the pair (Y,$), and is equivalent to 
it if the chosen stratification is not too fine compared with the topological 
structure of 9.° 

Therefore, let Y “ T be a locally trivial stratified bundle, and assume for 
a moment that the homeomorphism f which realizes the local trivialization 
is a diffeomorphism. Then it is clear that every stratum of Y “submerges” T, 
i.e., the restriction of 7 to each stratum of Y is a map whose rank is equal to 
the dimension of T.'° Thom’s theorem is a kind of converse to this remark, 
in the case where the projection 7 is proper.'! 


Triviality theorem. Let Y be a stratified set,'? and let 7: Y ~T be a 
proper differentiable map from Y onto a connected differentiable manifold T, 
such that the restriction of a to each stratum of Y is of rank equal to the 
dimension of T. Then Y is a locally trivial stratified bundle.'° 

It is easy to provide counter-examples to the theorem when 7 is not proper. 


4,2 Example (Fig. IV.6). a is the orthogonal projection from the plane 
Y = R? onto the axis T = R, S is the hyperbola xt = 1, decomposed into two 
strata (the two branches of the hyperbola). 

The restriction of 7 to each stratum is of rank 1, but local triviality does 
not hold at the origin. 


Fig. IV.6. 


° The exact statement is: if every homeomorphism fp : (X,S0) * (X, So) leaves 
each stratum of So globally invariant. 

10 Tf we assume that T is connected, this map is even surjective. 

11 If Y = X x T, 7 is proper if and only if X is compact. 

™ To prove this theorem, Thom in fact uses a slightly different definition of the 
word “stratified”, for which the conditions of “regular incidence” are modified a 
little (cf. Sources, IV). 

'3 The theorem says nothing about the differentiability of the homeomorphism f 
which realizes the trivialization. In fact, examples are known where it cannot be 
differentiable. 
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4.3 Example (Fig. IV.7). Here is a counter-example where the restriction 
of 7 is nonetheless surjective: 

m is the orthogonal projection of R* 5 (x,y,t) onto the t axis, and S is 
the surface given by the equation 


s=a’+ty?-y=0, y<0 


Fig. IV.7. 


which is in itself a stratum [S is indeed a manifold, since the differential 
ds = 2x dx + (2ty — 1)dy + y? dt never vanishes on S]. The map 7S is clearly 
surjective, and to see that it is of rank 1, it suffices to notice that on S, the 
form dt is never proportional to ds. However, local triviality does not hold 
at the origin (when t crosses the origin, the ellipse 5; becomes a branch of a 
hyperbola). 


4.4 Critical sets. Apparent contours 


Let 7: Y — T be a differential map from a stratified set Y to a differen- 
tiable manifold T. For every stratum A of Y, we define the critical set of the 
stratum A to be the set cA of the points of A where rank (7|A) < dimT.'4 


4.5 Lemma. If A <~ B, ANcB C cA. 


This lemma can easily be deduced from Whitney’s property A. To simplify 
the argument, we use property A’: let a be a point of A, incident to cB. By 
property A’, T,(A) C limp. T,(B). Now, if b tends to a along cB, the tangent 
hyperplane T,(B) projects onto a hyperplane of dimension < g—1. The same 
is therefore true for the hyperplane limy_,, T,(B), and thus for T,(A). 


4.6 Corollary. The union of the critical sets cB, where B runs over the family 
of strata of Y, is a closed set. 


14 Observe the difference between this definition and the usual definition of critical 
sets: if dim A < dimT, the whole manifold A is critical. 
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To see this, 


cB = cBU (eBN OB) =cBu (J (cB A) 
AX<B 


CcBU U cA by lemma 4.5. 
A<B 


Therefore, since there are a finite number of strata, 


| jea=| Jee =| Jer. 
B B B 


Apparent contours 


The closed sets cA (resp. U4 cA) will be called the apparent contours at the 
source of the stratum A (resp. of the stratified set Y). 

Suppose that the projection 7 is proper. Every closed subset of Y projects 
onto a closed subset of T.‘° The closed sets t(cA) = (cA) (resp. U4 7(cA)) 
are called the apparent contours at the target, or “apparent contours” of the 
stratum A for short (resp. of the stratified set Y). 

By Thom’s triviality theorem, we immediately deduce the following propo- 
sition: 

Let 7: Y — T be a proper differentiable map from the stratified set Y 
onto the differentiable manifold T, and let DL be the apparent contour of Y. 
Then on every connected component O of T — L, the stratified set Y|O is a 
locally trivial bundle. 


5 Landau varieties 


5.1 


Let 7: Y? — T% bea proper analytic map between complex analytic manifolds 
of complex dimensions p and q, respectively. Suppose that the manifold Y is 
analytically stratified, i.e., the nested closed sets Y = S?° D SP! D SP? D... 
which define its stratification are complex analytic sets. The closure of a stra- 
tum A is therefore a complex analytic set $4, which is one of the irreducible 
components of one of the $?. 


5.2 Lemma. The apparent contour at the source cA is a complex analytic 
set. 


15 This is an easy exercise of general topology: we simply use the fact that T is 
locally compact. 
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Let pa be the dimension of A, and let 


{$1(y), $2(Y); +++ 8r(y)} 


be a system of analytic functions which locally span the ideal of S.4 (81.8.3). 
Let ti(y),te(y),...,tg(y) be the analytic functions which locally define the 
projection 7: Y? — T%. 

Consider the analytic subset 4 C S'4 defined by setting not only the 
functions s; to zero, but also all the minors of order p—p,4+q of the matrix 


t= Tyeweyt lf = lyeve og 
k=1 
(ST) | Ost Oty 
OYR O 
p Yk Yk 


We claim that 24 A= cA. On the manifold A, the matrix ||0s;/Oy,|| is 
of rank p — pa. Suppose, for the sake of argument, that the (p — p,)-minor 
of its upper-left corner is non-zero in a neighbourhood of a point a € A. It 
follows that one can replace ¥1, y2,.--,Yp near a by 


Y= SY), <9 Dag —Sp-a), Voega = Was  S  D e 


In these new coordinates, the matrix (ST) can be written 


GH Ly ny DAH DA yoy 7S lpg 
k=1 1 0 
: ? ? 
0 1 
P—PA 
at; 
: : dy, 
Pp 


and the vanishing of all its minors of order p — pa + q is equivalent to the 
vanishing of the minors of order q of the matrix 


at; 
dy}, 


J=1,....4 


k=p—patl,...,p 
which represents the linear tangent map to 7|A. 
We therefore have 
aN A= cA, i.e., cA = Sig — DA NOA, 


from which we deduce, using the fact that X'4 and OA are complex analytic 
sets, that cA is a complex analytic set, and a component of X’,4 (cf. [1], §44, C). 


5.3 Corollary. The apparent contour (at the target) (cA) is a complex an- 
alytic set. This follows from Remmert’s theorem ([33]; cf. also [15]) on the 
image of a complex analytic set under a proper analytic map. 
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Landau varieties 


The analytic set LA = 1(cA), which is an apparent contour of the stratum A, 
will be called the Landau variety!® of the stratum A. In the sequel, we will 
only be interested in Landau varieties of codimension 1, and we will therefore 
assume that 


pazSq-l. 


5.4 Singularities of Landau varieties 


In order to study Landau varieties, we have at our disposal Thom’s results [36] 
on the singularities of the critical sets of a map.!’ The essential notion, which 
opens the way to a methodical approach, is that of a “generic” map, which is 
unfortunately too delicate to be made precise here. Let us only note that 


1° every map can be approximated by a generic map, 
2° every map which is sufficiently close to a generic map is generic. 


Here are some general results due to Thom. Generically, we have 


dimcA = dimz(cA) = q-1. 


The set of points where rank (7|A) = q— 1 [“critical points of corank'® 1”] 
generically has no singularities. If, furthermore, rank (x|cA) = q — 1, the 
critical point is called “ordinary” of corank 1. The map 7, restricted to the set 
of ordinary critical points of corank 7, is therefore an immersion of manifolds. 

Here is a particular result, for | q = 2 |:!° 

— Generically, all the critical points are of corank 1; the critical curve cA 
therefore has no singularities; the exceptional critical points (the points where 
the rank of z|A is zero instead of 1) are isolated points, which project onto 
cusps of the curve 7(cA). 


5.5 Example. Let A be a torus embedded in Euclidean space R°, and let 7 
be the orthogonal projection of this torus onto a plane R? (which will be the 
plane of the diagram). If the angle between this plane and the axis of the 
torus is sufficiently small, the torus will appear as in Fig. IV.8 or Fig. IV.9. 


16 The use of the word “variety” rather than “manifold” is appropriate since these 
analytic sets have singularities in general. 

'7 Thom was actually interested in the real differentiable case, but most of his argu- 
ments can be easily transposed to the complex analytic setting (as long as they 
only concern the local structure). 

18 This is the “corank at the target”, which is equal, by definition, to the dimension 
of the target minus the rank. 

19 The special cases q = 3 and q = 4 were studied exhaustively by Thom. 
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Fig. IV.8. Fig. IV.9. 


The critical curve cA has no singularities. What we see in the figure is the 
projection of this critical curve, which has four cusps a, }, a’, b’, which are 
projections of points where the tangent to cA is perpendicular to the plane 
of the diagram. The generic nature”? of these cusps can be expressed by the 
fact that they survive when one changes the angle of the diagram a little. We 
can observe that Fig. IV.8 also features two double points e and f, but the 
corresponding branches of the critical curve do not intersect in the source: 
these points therefore cannot be captured by a local study of the source. 


5.6 Incidence relations for Landau varieties 


A point u € LAM LB will be called an effective intersection point of the 
Landau varieties L.A and LB if it is the projection of a point 
aécAncB. 

Suppose that A < B, and that a is an ordinary critical point, of corank 1, 
for the stratum A. Let b € cB be an ordinary critical point of corank 1 for the 
stratum B. When 6 tends to a, the angle between the tangent planes T,(A), 
T,(B) tends to zero, and so also the angle between their projections. Setting 
u = (a), v = 7(b), we therefore find that the tangent (q — 1)-plane T,(LB) 
tends towards the tangent (q — 1)-plane T,,(LA) as v tends to u. In short, at 
an effective intersection point, the Landau varieties of two incident strata are 
tangent to each other. 


5.7 Example (Fig. IV.10). B is a sphere, A is a great circle of this sphere, 
and 7 is the projection onto the plane of the diagram. 


Fig. IV.10. 


20 This stable nature of the cusps of Landau curves came as a nasty surprise for 
physicists, who, having seen it on an example [7], believed their example to be 
“pathological” . 


V 


Ramification around Landau varieties 


1 Overview of the problem 


1.1 The fundamental group of a topological space 


Recall that a path a with initial point u and end point v in a topological 
space TJ’, is a continuous map a: [0,1] — T such that a(0) = u, a(1) = v. If 
the end point v of a path a coincides with the initial point u’ of a path a’, 
we can define a path a’ - a with initial point u and end point v’ by setting 


Intuitively, a’ - a is obtained by “travelling” first along the path a, and then 
along the path a’. 

We will denote by a~! the path obtained by “travelling backwards 
along” a, i.e., the path with initial point v and end point u defined by 


a” +(r) = a(1—7). 


Two paths ap and a, with the same initial point u and the same end 
point v are called “homotopic” if they can be interpolated by a family of 
paths a, which vary continuously in 7 and all have the initial point u and end 
point v. 

Homotopy of paths is an equivalence relation, which is compatible with 
the composition law defined earlier, so one can speak of the composition of 
two homotopy classes of paths, provided, of course, that the end point of the 
first coincides with the initial point of the second. 

Let us fix once and for all a point ug in JT, and consider the set of all “loops 
based at uo”, i.e., the set of all paths which have initial point and end point 
at ug. The set of homotopy classes of loops based at uo, equipped with the 
composition law defined above, is a group. The identity element is the class 


F. Pham, Singularities of integrals, 85 
Universitext, DOI 10.1007/978-0-85729-603-0_5, 
© Springer-Verlag London Limited 2011 


86 V_ Ramification around Landau varieties 


of the constant loop (which maps [0,1] to the point uo). The inverse of the 
class of a loop 4 is the class of the loop A~!. The group defined in this way is 
called the “fundamental group, or first homotopy group”, based at uo, of the 
topological group T. It is denoted 71(T, uo). 

What happens if we replace the base point ug with another one vg? Let a 
be a path with base point ug and end point vg.! The correspondence 


[a] : 71(T, uo) —> 71(T, v0) 


defined by 


is obviously a homomorphism which only depends on the homotopy class 
of a. It is therefore an isomorphism,? since it has [a~+] as its inverse. This 
isomorphism can be conveniently interpreted in terms of deformations of loops: 
The loop [a](A) = a-A-a7! can be obtained by a deformation of the loop 
during which the base point travels along the path a. 
In particular, by setting ug = vo, we obtain in this way a geometric inter- 
pretation of the inner automorphisms of 71(T, uo). 


Example. Let T = R?—{u,v} be the plane minus two points. Then 71(T, ug) 
is the free (non-abelian) group spanned by X and p: 


uu Xr 


>) 


The element [y](A) can be represented by the loop? 
[1] (A) 


eu 
Uo 


* We will always assume that T is path-connected, so that such a path exists. 

? Thus, whenever we are only interested in the fundamental group up to isomor- 
phism, there is no need to specify the base point. 

3 In the sequel, no distinction will be made, neither in terminology nor notation, 
between a “loop” and its homotopy class. Thus, from a practical point of view, 
“drawing a loop”, will simply mean to suggest, by drawing an oriented line, the 
homotopy class of a loop. 
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1.2 Overview of the central problem of this chapter 


Let Y? = X” x T4 (p = n+ Qq) be a product of complex analytic manifolds, 
where the manifold X is assumed to be compact, and let 7: Y — T be the 
natural projection map.* Let S$ be an analytically stratified subset of Y, and 
let L be the Landau variety given by the apparent contour of S$ in T. We saw 
in the previous chapter that (Y, S)|T — L is therefore a locally trivial pair of 
bundles, and thus every homotopy class A € 71(T — L,uo) defines an ambient 
isotopy class for S,,, in the fibre Y,,,, and therefore an automorphism 


rx: Fi. (Yugs Suo) = Fi. (Yuo, Sug) 


or 


Fx (Yuo _ Sug) — Fi, (Yuo _ Sug): 


The correspondence  ~» 4, defines a homomorphism x from the fundamental 
group of the base space to the group of automorphisms of H,: 


x: 71(T — L,u9) — Aut Ay (Yup, Sug); 


and the study of this homomorphism is the main subject of this chapter. 
In order to describe it precisely, we will need to make the following two 
hypotheses: 


Hypothesis 1.° S is a union of closed submanifolds $1, S5,..., of complex 
codimension 1, and in general position (with the obvious stratification). 


A stratum A of S will be of the form 


A=S19829-+:NSm— L Se, 


k>m 


and every point a € A will have a neighbourhood V which does not meet 5}, for 
k > m, and is equipped with coordinates yj, y2,..., Yp such that 5; V is the 
hyperplane y; = 0 (i = 1,2,...,m), where the point a is at the origin of these 
coordinates. We will set 7(V) = W, and equip W with the local coordinates 
ti, to,...,tq having the point wu = m(a) as the origin. The projection 7 will 
therefore be given in V by a system of analytic functions t;(y), te(y),...,tq(y). 
Observe that we have preferred to choose coordinates where the 5S; can be 
written simply, at the cost of obscuring the product structure of Y. 


Hypothesis 2. T is simply connected, i.e., 71(T') = 0. 


* The hypothesis (cf. the previous chapter) that Y is a product is superfluous and 
is only to simplify the exposition. 

° The reason for this hypothesis is the impossibility of studying all imaginable 
stratified structures! We point out, nonetheless, that a recent theorem allows one 
to reduce any analytic set to a set satisfying (Hyp.1), due to a procedure of 
“blowing-up singularities” [17]. 
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We will call a “simple loop” based at uo, a loop A constructed in the 
following way: we are given 


1° a point wu € L, which is smooth of complex codimension 1; 

2° a path @ in T — L, with initial point up and end point uw, near u; 

3° in a neighbourhood of u, we can choose coordinates t,, tg,...,t, such 
that D is given by the equation t; = 0. We thus define a “small loop” w 
based at wu; by making the complex variable t, trace a small circle around 
the origin in the positive direction, whilst the other variables tz, ..., tg 
stay fixed. 


The “simple loop” A is therefore defined by 


d= [03] w) =o} WA. 


ww) 


1.3 Proposition. 7(T) =0 <= 7 (T — L) is spanned by simple loops. 


(<) is obvious, since every “small loop”, and therefore every simple loop, 
is homotopic to zero in T. 

To prove (=), we must show that in T—L, every loop » with base point ug 
is homotopic to a sequence of simple loops. Now, by hypothesis, \ is homotopic 
to zero in T’, i.e., there exists a continuous map A: 0 — T from the square 
to the space 7’, which coincides with A on the lower side of the square, and 
maps the three other sides to the point uo. By a classical theorem in homotopy 
theory, the continuous map A can be approximated by a differentiable map A’, 
which can itself be approximated (by a “transversality theorem”) by a map 
A” which is transversal® on L. A’~'(L) therefore consists of isolated points, 
which are finite in number since A”~1(L) is closed in the compact set O, and 
these points 71,72,...,7% are the inverse images of points of L, which are 
smooth of real codimension 2. 

It therefore suffices to replace the lower side of the square, considered as a 
path in O, by a sequence of simple loops as indicated by Fig. V.1 and to send 
everything into T — L via the map A”. 


° The notion of a map which is transversal on a stratified set is defined in technical 
note (10). Here we exploit the fact, proved by Whitney [42], that every complex 
analytic set can be stratified; its strata of maximal dimension therefore obviously 
consist of smooth points. 
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Fig. V.1. 
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2.1 Description of a simple pinching 


With the notations of section 1 (Hyp. 1), let us suppose that a is an ordinary 
critical point on the stratum A, of corank 1 at the target, and not in the closure 
of the critical sets of the other strata. 

We then know that near a, the critical set cA is generically without singu- 
larities, and projects isomorphically onto L.A. We can therefore choose local 
coordinates such that 

LANW = {ti = O}, 


cANV = {y= yo = ++ = ng =O} CANV = {y= Yo = ++ = Ym =O} 
and that 
ta(y) =Yn+2, ---, tely)=Yp 
(the fact that the map m|cANV : cANV — LANW is an isomorphism means 
that the Jacobian determinant of to,...,t, with respect to yn+42,.-.,Yp is 
non-zero). 


It only remains to determine the function t;(y). When restricted to A, it 
will generically have (cf. Thom [36]) a quadratic singularity on cA and we can 
ensure that it can be written 


#1(0,...,0, Ymtis++-s¥p) = Yaga tees + yea: 


Furthermore, since a is not critical for any of the manifolds in the star of A, 
each of the terms ¥i,...,Y%m Will necessarily appear linearly in the function 
ti(y), which can therefore be written 


ti(y) = yt yates +¥m+ Ying too + Yh 
What does this mean for the fibre bundle structure of Y? If we set 
T= Y2, T2=Y3, -+-> In = Ynt+1; 


we see immediately that (11, %2,...,@n,ti,te,...,tq) is a system of coordi- 
nates in the neighbourhood V, in which the projection 7 can simply be written 
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(x,t) ~ (t). In this new system, the equations of the manifolds $1, S2,...,Sm 
are 


si(a,t) = ti — (a. tte +--+ + ami te, te +a?) = 0, 
so(z,t) = 2, = 0, 


83(2,t) = 2. = 0, 


Syl t,t) = Tm—-1 = 0. 


In the fibre Y; = X, the manifolds S;, = Y; MS; are in general position, 
except along t; = 0, where we will say that they have a “simple pinching” or 
a “quadratic pinching”. More precisely, the expression “quadratic pinching” 
will be reserved for the case m < n, where squares genuinely occur in s1(z, t), 
and the case m =n-+1 will be called “linear pinching”: 


$1(x,t) =t1 — (a1. + ag4+---+2,) =0, 


$9(x,t) = 2, = 0, 


Sn41(@,t) = 2p = 0. 


[This is the case where the Landau variety LA is simply the projection of the 
stratum A, of dimension g— 1."] 

Fig. V.2 represents the situation near a simple pinching, in small dimen- 
sions. We work inside the open set U; = T; M V, equipped with the local 
coordinates (#1, 2%2,...,%p) as before, and the parameter t; has been chosen 
to be real positive, and sufficiently small so that all the interesting part of the 
figure is contained in the open set U;. 


2.2 Description of the vanishing chains 


In Fig. V.2, we have also depicted some chains which will play an important 
role. All these chains “vanish” when ¢; — 0, hence their name. We catalogue 
them below. 
The “vanishing cell” e is the real cell bounded by the manifolds 
Si, So, sey Simi® 
1, 22,---,%n real, 
7 $1, 52,---,5m 2 0. 


Its orientation is chosen arbitrarily: in the figures, we have chosen the orien- 
tation determined by the system of real axes (Re Ox,, ReOz2,..., Re Ox). 


” Since we always suppose that near u, codim LA = 1, the cases where m > n+ 1 
are excluded. 

8 In what follows, we will no longer write the index t of the manifolds Sj or of 
the open sets U;: it is understood that we will stay in the fibre Y;, with t = 
(t1,0,...,0), t1 real positive and small. 
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Pex : S723 € (sphere) 
(eet } : , 
wie e e 
T = {0,0} Ball 
e= 0-0 When t; — 0, the circle (resp. the sphere) S$, vanishes 
%= 60-80 


and turns into the two ‘isotropic lines’ (resp. the isotropic cone) 


o! 07 
ro 
0 e 1 
2 
S,= {i} S= {o} 
3 


~--el (cylindrical 
segment) 


+ 


Fig. V.2. 


The “vanishing sphere” e is the iterated boundary of the vanishing cell: 


€ = Om © Om_—1 © +++ 0 O1e, where O; is the operation which consists in taking 
the part of the boundary which lies in the manifold 5S;. 


ee ..+;0n real, 
e€ 


8) = S89 =:+:'-=S5,, = 0. 


92 V_ Ramification around Landau varieties 
The “vanishing cycle” € is the iterated coboundary of the vanishing sphere: 
€ = 61 062 0+++0bme, 


where 6; denotes Leray’s coboundary “with respect to” the manifold S;. 
More generally, we define for every increasing sequence of integers 


{t1 < ig <-++ <iy} C {1,2,...,m}, 


elttz th — OF, O:4.* 420 Oi. fe) Oj, e 


and oe 

Ce a = Oig io) Sin oes 6 i, eliza tn 
where {j1, j2,---,Jjm—} is the increasing sequence which is complementary to 
{t1,%2,...,%,}. The way to remember this notation is the following: the upper 


indices indicate the manifolds S; which contain the chain being considered; 
the lower indices indicate the manifolds S; which bound the chain being con- 
sidered; a bold typeface indicates that the chain being considered is bounded 
by all the manifolds S; which do not contain it; the upper tilde indicates that 
the chain being considered meets none of the varieties S;, except those which 
bound it. 

The casem = n+ 1 (linear pinching) is somewhat special. The vanishing 
sphere e, and as a consequence, the vanishing cycle € do not exist. The chains 


1.2..2%...n4+1 =@ 


e mt10++:00;0++-0 dhe 


reduce (up to a sign), to points which will be denoted 


6" =the point {) 5;. 
jt 
2.3 Characterization of the vanishing classes 


The previous description was in a particular system of axes. It is good to have 
more intrinsic criteria for recognizing vanishing chains, or more precisely, the 
homology classes which they represent. Let 


e(U NS, NS2N---N Sm) € Hn—-m(U 1 S1NS2N---N Sin) 
be the homology class of the vanishing sphere, let 
e(U, S$, US2U+-+US,) € H,(U, S$; U S2gU+--U Sp) 
be the relative homology class of the vanishing cell, and let 
e(U — Sy US2U-+-USm) € Hn(U — S,U S2U-+--U Sp) 


be the homology class of the vanishing cycle, etc. 
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The manifold UN S,M---A Sm is a complex (n — m)-sphere, which de- 
formation retracts onto a “real” (mn — m)-sphere® and its homology group 
Ayn—-m(U N $19-+-O Sp) is the infinite cyclic group generated by the class 
of this sphere. This is the characterization of the vanishing sphere. On the 
other hand, one can show that in the open set U, all the boundary maps 0; 
and coboundaries 6; are isomorphisms between suitable homology groups. All 
these homology groups are therefore infinite cyclic!® and spanned by the cor- 
responding vanishing classes, which are thus characterized without ambiguity 
with respect to the vanishing sphere. In practice, that means that, for example, 
if we had known how to construct a compact chain in U whose m-fold iterated 
boundary was the vanishing sphere e, this chain would be [homologous to] the 
vanishing cell e. 


2.4 Localization. Picard’s formula 


It follows from the hypotheses of section 1 that, in order to solve the problem 
of the ramification of homology, in other words, to know the action of the 
fundamental group 7(T'—L) on the various homology groups of the fibre Y;, it 
is enough to know the action of a “small loop” w, defined in a neighbourhood 
of a smooth point u € L, of complex codimension 1. As we saw in §2.1, 
this point wu is in general the projection of an ordinary critical point a € 
S11 S2M---M Sm, which corresponds to a simple pinching of the manifolds 
Siu; S2u,--+;Smu- It is intuitively quite clear that, in these conditions, the 
problem can be localized in the fibre of the ball U which surrounds the pinching 
point a. More precisely, one shows that if h is a homology class of the fibre, 
represented by a cycle I’, the transformed class w, can be represented by a 
cycle I’ which only differs from I in the interior of the ball U. 

The correspondence [’ ~ I’ — I thus defines a homomorphism, which 
we will denote by “Var” (for “variation” ), from the homology of X to the 


° For an open set U (which we shall call a ball) which is large enough to contain 
the “real” (n — m)-sphere. 

10 Except in the following two marginal cases, where the homology in dimension 
zero modifies the situation a little: 
The casem =n: H,(U — S;U S2U---U Sn) is the free group on two generators 


510++-0bn@ and 61 0--- 0 bn, 


where @’ and @” € Hp((UN S19 S2N---M Sp) are the classes of the two points 
which make up the 0-sphere UM $19 S2M---1 Sn. Observe that 


e=O0-0 and E = 61 0+++06nO — 610+: 06,6". 


The casem = n+1: Hn(U — SU S2U---U Sn41) is the free group on n + 1 
generators 7 a 
61 0+++ 06; 07+ 0 bn 1 (@=1,2,...,n+1). 
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homology of U, for example: 


Var: H,(X — S) H,(U — S), 
Var : H,,(X, S') —> H,,(U, S$) 


or, more generally, 
Var : Ay (X — Sy4i.m:$1.2...4) —? Hn(U — Syti.im, $1.2...1): 
From now on we will use the shorthand notation 
Sin iz... = U Si lala () Sj. 
t= 01 ya, sip t= ,t9,.-;hp 


Now we pointed out in §2.3 that each of the homology groups of U is cyclic, 
generated by the appropriate vanishing chain. As a result, the variation of a 
homology class 


he Ay (Si Sane Se), 
resp. h € H,(X — S$) 

resp. he H,(X,S), 

resp. Ai. © Ay(X — Sytt.m, §1.2...0); 


will necessarily be of the form 


(P) Var h =WNe 
(P) Var h 2h (“Picard’s formulae” ), 


(Prs..n) Var ho... =Neé12..4 


where N is an integer to be determined, which depends on h (resp. on h, h, 
hi.2...p): 


2.5 Lefschetz’ formula 


This formula determines the integer N which occurs in Picard’s formula. The 


formula which corresponds to formula (P) is 


(L) Na Errata (ih), 


To understand this intuitively, note that the intersection index (e | h) 
represents the number of times that h travels along the vanishing cell e, which 
is the cell bounded by the manifolds S$}, S2,..., Si. It can therefore be thought 
of as the “linking number” of h with the manifolds $1, S9,...,Sin. 
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From formula L, one can easily deduce the formulae (L), (L), (Ei2.y): 


(L) N= (=) eee | h). 


To prove (LZ), we set h = 610-+-06mh. The coboundary operation naturally 
commutes with Var, so that 


Var h = 61 0+++06m Var h = 6,0-::06mNe= Ne; 


but by (L), 
Nesi(—) Certs Th), 


from which we deduce (ZL) by transposing 0 and 6 


(L) N = (-)-™+De—m42)/2(e | h), where h=O,0---odh. 


The boundary operation naturally commutes with Var, giving 
Varh =O0m0-::00, Varh=0,,0-:-00,\Ne=WNe, 


and it only remains to apply (L). 


= N= (jeer) Gime) 2 Cane | eat) ; 
(Lise) 


where hi?-# =90,0---00thi 2.4 


which is left as an exercise for the reader.!! 


2.6 Ramification type 


Let us begin by establishing the intersection formulae for the classes of van- 
ishing cycles: by §II.7.4, 


0 ifn —m-+1 is even. 


O(n eh)? iP 9 — ge 1 sod, 
(ele) = 


From this we deduce, by transposition (cf. §III.2.3), 


cere | gent) = 


‘1 We observe that the Picard—Lefschetz formulae hold true even in the marginal 
cases of §2.3, where the argument in §2.4 is no longer correct. In the casem = n+1, 
where the vanishing sphere e does not exist, one must make the convention that 
the corresponding “vanishing class” is zero, and thus the variation of h or h is 
still zero (because e and € = 0) and likewise for the variation of h (because 
N = (e| h) =0). 


2(—)(r—M) (—n+1)/2 if n —m +1 is odd, 


0 ifn —m-+ 1 is even, 
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where 
el 2m = Onl Oreo Ome = On O-+:0 O1€1.2.. 
The Picard—Lefschetz formula therefore gives 


eet h eee) a eh elt 


1.2.6 = €1.2...~ + (-) €1.2...p)€1.2... 


€1.2...4 if n—m-+1 is even. 


—€1.2.., ifn—m+1 is odd, 


These formulae can be easily established directly. 

We deduce that: 7 

Ifn—m-+1 is odd, two circuits around L brings hy.2..,, back to its original 
branch: ms 7 7 

wehr2.w = We(Ar2..6 +N E12...) = Ar2...u3 

which signifies ramification of “square root” type. 

Ifn—m-+1 is even, every new circuit around L adds the same multiple 
of the vanishing class to hy.2...,: 


wrhio iu =AzaipthN 12.4 


which signifies ramification of “logarithmic” type. 


2.7 Invariant classes 


An invariant class will be the name given to a homology class which contains 
a cycle situated outside the open set U. By 82.4, this property implies the 
absence of ramification, i.e., w. = h, but is a priori stronger. 


2.8 Proposition. The class eee is invariant if and only if the intersection 
indices of hi.2.., with all the elements of Hn(U — $1.2...4,S41...m) are zero. 


We will admit this proposition without proof, which can be proved using 
Poincaré duality (81.5.5). 


2.9 Corollary.!? The class R12... is invariant if and only if the index N of 
formula Ly 2.4, 18 zero. 


This is because H;,(U — $1.9....,Sy+41...m) is spanned!”, by §2.3, by the 
vanishing cycle €,41..m, whose intersection with h1.2.., gives precisely the 
index N in Lefschetz’ formula (after transposing O and 0). 


' This is not true in the marginal cases (u =m =n and p= m=n-+1). 
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2.10 Lemma. Let Pec be an arbitrary class. Then 
Rid — 0,,0°- BO Mains ied’ Ss (je PG ea )ie (eter | eer, 
Ifnm—m-+1 is odd, the class 
ae = 2Ahew N €1.2...u 
is invariant. 


This lemma is an immediate consequence of corollary 2.9 and the inter- 
section formula for vanishing cycles (§2.6). 


2.11 Proof of the Picard—Lefschetz formula, when n—m-+1 is 
odd'® 


By lemma 2.10, > a 
Wah o.u = Ato. i: 


Given that w,€1.2.. = —€1.2...., we deduce that 
Qwshi2.u — N 1.2... = 2h1.2..~+ N 1.2.0; 


in other words, _ a 
2whi2. = 2h12..45 + 2N €1.2..4; 


which, after dividing by 2, gives the Picard—Lefschetz formula.'* 


2.12 Proof of the Picard—Lefschetz formula, when p= 0, m=n-+1 
We must prove that ifm =n-+1, wh = h. Let 
N = (—)t)(r42)/2 (e | h) 
By duality, 
(e| d10d20-+-0 5,07) = (MnP /? (Ql | GAT) = (yim, 
therefore the class 
W =h+ (-)°N 6, 06) 0--- 08,071 


is invariant (cf. corollary 2.9). 


'3 The proof in the even case will not be given here. 

™ This division by 2 is legitimate, because we know from (§2.4) that the variation 
of hi.2.... is an element in the group Hn(U — Sy41...m,51.2...4), which is a free 
group. 


98 V Ramification around Landau varieties 


Now, obviously, 
Wy 61 0 020+++06,0"! = §, 0 6,0-+-05,0,0"! 
= 5 0520+++06,0"41, 


so that w,h —h. 


We observe that if N 4 0, the class h is not invariant in the sense of §2.7, 
even though it is not ramified. 


3 Study of certain singular points of Landau varieties 


The Picard—Lefschetz formulae allow one in principle to solve the ramification 
problem completely. The recipe goes as follows: 


(i) Calculate the fundamental group 7(T' — L,uo), and choose a family of 
“simple loops” (§2.1) which generate it. 

(ii) Calculate the homology groups of the fibre Y,,,, and identify which ele- 
ments are “vanishing cycles” corresponding to each simple loop: a homol- 
ogy class h will be “vanishing” for a simple loop \ = 07! -w- 6 if 0,h is 
one of the vanishing cycles defined in §2.3. 

(iii) Calculate all the intersection indices for all the homology classes which 
arise in the problem. 

(iv) All the ingredients are ready: it only remains to apply the Picard— 
Lefschetz formulae. 

Apart from some simple cases, this recipe is obviously very indigestible! 

In this section, we will restrict ourselves to studying two local models, which 

will not only be of illustrative value but they will also solve the ramification 

problem in the neighbourhood of a generic singular point on Landau varieties. 

The two types of singular points we will study are (cf. chap. IV, §5): 


1° the effective intersection points of two Landau varieties, 
2° the cusps on a Landau curve. 


‘ 


We remark in passing that the four stages of the “recipe” proposed above 
are not independent, and this fact is worth studying in greater detail. In 
particular, knowing the fundamental group 71(T — L,uo) already provides 
information about the vanishing classes and their intersections. 

First model: effective intersection of two Landau varieties 


3.1 
We consider two incident strata: 
A=S1N920--ASmASm4i— LJ 3%, 
j>m+1 
B=S\N82N-+-18m—() §; 


j>m 
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and we work inside the open set V C Y (VNS; = @ for 7 > m+1), equipped 
with the coordinates (x1, v2,...,%n,ti,t2,...,tq) such that 


81(a,t) = ty — [ey +g tes + 0m_1 + (Bm — te)? +024, +++ +22), 


$9(x,t) = 24, 


Sm(@,t) = @m_1, 
S8m41(2,t) = Um. 
This is the generic situation described in chapter IV, 85.6, expressed in 


particular coordinates. 
Example: m = 1, n = 2: 


8, =t, — [(a1 — te)? +25] (Fig. V.3), 


829 = 7%. 


Fig. V.3. 


The critical sets are given by 


cA = {(a,t): a1 T2 = = Xn 0,t1 —t3 =O}, 
cB = {(a,t) : all the x; are zero except Um, Lm = to, ti = 0} 


and the Landau varieties are therefore 
LAstip=t =O, LB:t,=0 (Fig. V.4). 


We will set L = LAU LB, and we will suppose, to simplify the notation, 
that the chart (t),t2,...,t,) on the open ball W = m(V) sends this open set 
onto the whole of C4. 

Since the only coordinates which appear explicitly are t,t2, there is no 
loss of generality in assuming that q = 2. 
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3.2 Calculation of 7(W — L) 


The projection pr: (t1, t2) ~» t; makes W — La fibre bundle with base C — {0} 
and fibre 


pr-'(t1) =C— {vii} U{-vii} + C— {1} U {-]1}. 


In the fibre pr~'(1), consider the loops a, a’ based at uo = (1,0) repre- 
sented in Fig. V.5, and let y be the loop based at uo defined by 


yi tw (tr = or, tg=0) (Fig. V.6). 


: Y 
a a 1 
Fig. V.5. Fig. V.6. 
The complex t2-plane (fibre). The complex t)-plane (base). 


a,a’,y are loops of W — L, satisfying the relations 
yoaryt =al, 
yialy* =a, 
(which are obvious from the geometric interpretation of conjugation: cf. §1.1). 
It is now a simple technical affair!’ to show that a, a’, y generate the group 
1™1(W —L,ug) and do not satisfy any other relations than the ones indicated: 
in other words, 71(W — L, ug) is the quotient of the (non-abelian) free group 
with generators a, a’, y by the subgroup spanned by y-a-y~! and y-a/-y~1.!6 


15 The technique used is the “exact sequence for the homotopy of a fibre bundle”. 


'6 More simply, it is the quotient of the free group with generators a, y by the 


subgroup spanned by y?-a-y~?-a7'. 
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3.3 Choice of simple loops 


Clearly, a and a’ are simple loops, but not y (because the origin, which 7 
winds around, is not a smooth point of L). On the other hand, the loops 
B=a7!-yet B’ =a’! -+ are simple, as the schematic Fig. V.7 suggests. 


LB LA 
B 
a 
Uo 
a’ 
p’ 
Fig. V.7. 


(The interpretation of this picture is left to the imagination of the reader.) 
Now, some obvious algebraic operations show that 7(W-—L, uo) is spanned 
by the simple loops a, a’, 3, 2’, related by 


(a8) (a-f)=a'- f'=B-a'=f'-a. 


3.4 Description of some vanishing chains (t,, t2 real; t1,t; — t? > 0) 


Spheres: 


X1,---,%p real, 
CA 


81 =*'' =Sm = 8m41 = 9,7 


X1,---,2%n real, 
eB 


8, = =Sm = 0. 


Cells: 


X1,---,2%p real, 
€A ey Sy 


S1,-+-,8m >0, Sm+1 <9, 
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, | Pisses tn real, GE 
e ; 
A A en 
S1,-+-,5m >0, Sm+1 > 9, A 


1,---,%y real, 
€B 


S1,-+-,;5m > 0. 


We see that the cell eg is the union of the two cells e4 and e’,. 
If we have arbitrarily chosen an orientation for one of the chains above, 
the orientation of all the others will in fact be determined by the relations: 


(A) C4 = Om41 0 Om 0+++ 0 O,€4 = Om41 0 Om 0+ 0 Oy, 
(B) €B = Om 0+: 0 O1ep, 
(AB) ep = e, — eg. 


Observe that formula (AB) must contain e4 and e’, with opposite signs, 
otherwise (A) and (B) would not be compatible with the fact that eg is a 
cycle: Oniiep = 0. 


3.5 Homologies 


Since UNS, N---ASmASm41 is a complex (n —m — 1)-sphere, its homology 
group in dimension n — m — 1 is infinite cyclic, generated by the class of e,. 
Likewise, UN $1 M---A Sm, is a complex (n — m)-sphere, whose homology 
group in dimension n — m is generated by eg. 

We easily deduce!” that H,(U, 91 U+::U Sm U Sm+41) is the free abelian 
group with generators e4 and eg. 

In the same way,!® we show that H,,(U — $;U-++-U Sm U Sm41) is a free 
abelian group with two generators €4 and ég, and hence 


€4 = 01 0°++ 006m 0 bm41€A, 
whereas €p is a cycle of 
U—S,U-+-USmU Sm4i, 


which is homologous in U — S$; U---U Sm, to 6, 0-+++0dmeg. Note that this 
prescription only defines the class €g up to a multiple of €4. Geometrically, 
this ambiguity represents the various ways in which the cycle 6; 0--- 0 d,eB 
can be moved away from the manifold Sj,+1. 


'T Using “exact homology sequences”. 
18 This uses a special case of the “decomposition theorem” [12] which can be deduced 
from “Leray’s exact homology sequence”. 
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3.6 Application of the Picard—Lefschetz formula!® 


The action of a simple loop A (A = a, a’, 3, 3’) on a class he H,(X — S) is 
given by the Picard—Lefschetz formula: 


he Res (—) (r+ 1)(r42)/2 (ey | h) 


where €) is a class of H,,(X — S$), which comes from the injection of a class 
from H,,(U — S), whereas the intersection index N) only depends on the class 
of the vanishing cell e) in H,,(U,S). 

It is easy to determine which of the cells of 83.4 vanish for a given loop A: 
in this way, we find that 


Co =€A, Ca = C4, €6 = Ep = Ep. 


Relation (AB) thus gives 


(N) Ng = Ng = Nw — Na- 


On the other hand, the sphere e, (resp. eg) vanishes for a, a’ (resp. 3, 3’) 
giving 
€a = Ca’ = €A; 
and é€g (and €g’) = €g, up to a multiple of €4. 
We can always choose €g = €g, and therefore €g/ = €g + ve, where v is 
an integer which will be determined later. 
Applying the Picard—Lefschetz formula twice, we get 


Beal.h = al,h + (—\OVO)?? (en | ah) ep 
= ht (—r42)/2 (el |) Ea + (en |h+ Neves) ep 


=h Na€a t Nges ( RE Nig (ep | €a) ep. 


Then, by transposition, (ep|éa) = (Olea) =0; 


A 
On 1 

v 

A 
Om dm 
Y 
€B 
A 
Om +1 Om+ 1 
Y 


0 eA 
'9 Here we will only treat the ramification of the homology group H,(X—S), leaving 
the other homology groups to the reader. 
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and therefore ae 
B.alh =h+ Na€A + Nees. 


Likewise, 
Blouwh = h + Noéa + Ng (ep + Vea) 


=h+ (Na + VNg)ea + Noep. 


Setting these two expressions equal, as (a3) would suggest, and using (N), 
we find that 


v=1. 


Exercise. By continuing to exploit the relations (a), show that 
(ea | @p) = (—)hrv? 


and that 


a ath even 
(ey |p) = {(-)Y/? for nam} vg 


(to obtain this last relation, one can use the intersection formulae from §2.6). 


Second model: cusps on a Landau curve 


3.7 


Let A* be a complex analytic manifold?° of dimension k > 2, and let 7 : A* — 
T be an analytic map from A* to a complex analytic manifold of dimension 
two. The generic situation called a cusp can be represented by the local model: 


WME €a;2005 bn) > (ti, ba), 
ty = &, 
t2=G-he+Q+Gt-- + &. 


The critical set is the “parabola” 


eA = i) 86 = SSS SG, = 0! 


which projects onto the Landau curve given parametrically by 


Lit= 35, tg= —263, 


i.e., 


L= {t: 4t3 —27#2=0} (Fig. V.8). 


20 Considering this manifold A* as a stratum in a bigger manifold, as we have done 
until now, essentially adds nothing. 
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Fig. V.8. 


3.8 Calculation of the fundamental group 7,(W — L, ug) 


Let us choose the point up = (1,0) as base point and let », 4 be simple loops 
associated to each of the two real branches of the Landau curve (Fig. V.10). 


Proposition. 71(W — L,uo) is spanned by A and p, subject to the relation 


(Ap) Aspe A= pe A> ph 


An amusing way to find this relation is to use the manifold A? depicted in 
Fig. V.9. 

A? — x~1(L) is a “triple cover”?! of W — L. 

Now the equation of 7~1(ZL) is 


4t3(€) — 2763 (€) = 463 — 27 (€8 — &:62)" = (362 — &:)” (46: — 362) =0, 


in other words 7~1(L) is the union of two parabolas which are tangent to each 
other (one of which is obviously cA”). 

The fundamental group 7(A? — 7~1(L), a) [where a = (£; = 1, £2 = 0)] 
is therefore, by §3.3, generated by the simple loops a, a’, 3, 8’ (Fig. V.11) 
subject to the relations 


a:-B=a'-f'=6-da' = '-a. 


The projection 7 induces a homomorphism of fundamental groups: 


mt. :™ (A? —2~*(L),a) —> ™(W — L, uo); 


Te = , 
Ta! =, 
3 =~ *pA, 
nf = wtp. 


1 Te., a bundle, with discrete fibres consisting of three points. 
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by 


Ge 


h=§ 


Fig. V.9. Graph of the map 7 : A? — T (“Whitney’s fold”) [41]. 


The first two relations are obvious, if we recall that the loops a, a’ wind 
around quadratic critical points of the projection 7. As for the last two, the 
reader, with a bit of imagination, can read them off Fig. V.12. 
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Fig. V.10. Fig. V.11. 


Fig. V.12. 


Given relations (a3), we obtain (Ay). It is once again a simple technical 
matter?” to show that and y generate 71(W — L, ug) and are subject to no 
relations other than (Ay). 


3.9 Homology of the fibre 


Let S*~? = n—1(t) be the “fibre” of the manifold A. It is easy to see?* that, 
for t ¢ L, the group Hy—2(Sf~*) is free abelian on two generators. At the 
point uo = (1,0), where 


Sh? = {(,6,-.-,&) 1 8(€) = &(& -W(+l)+G+--+G=0}, 


22 Again using the exact homotopy sequence for bundles. 
23 Tf we place ourselves at the point t = (0, tz), 


SI? = (6,6). &) | GtEt +& = te} 


which is a special case of the situation studied in [29]. 
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these two generators can be represented by the “spheres” (Fig. V.13) 


€9 real,-l<&a< 
€y « &3,---,€ pure imaginary, 
5(€) = 0; 
&j real,O< fo < 
Cn \ €3,-+-,€k real, 
s(€) = 0. 


Fig. V.13. 


These “spheres” are vanishing spheres with respect to the loops » and yp, 
respectively. They intersect transversally in a single point (the origin), and 
if we orient them by the system of indicators (ImOé3,...,ImO&,) and 
(Re O &,..., Re O€)) respectively, their intersection index is 


feu | ex) = (-)O-DEDA, 


3.10 Application of the Picard—Lefschetz formula 


The ramification of a class h € H,—2(S*) is given by the Picard—Lefschetz 
formulae 


MA=h+ Nye, Ny = (—-)*E YP (e, | h), 
jixh=h+Nyeu, Ny = (—)RO-D/2(e, | A). 


Exercise. Using the Picard—Lefschetz formulae and the relation AwA = pAp, 
rederive the intersection formula (e, | e,) = F1. With the choice of orienta- 
tions of §3.9, show that 


(AuA)ah = (uAu)ah = ht (Na — Ny) ex + (Nu — (-)*Na) eu 


and 
(AuA71) hk = ht (Ny — Ny) (er — en) - 


VI 


Analyticity of an integral depending on a 
parameter 


In this chapter, we will study integrals of the following type: 


(0) I(t) = y on 


where I’ is a (compact) chain in a complex analytic manifold X, and y; is a 
differential form on X (which may have singularities) and which depends holo- 
morphically on the parameter t (where t € T, a complex analytic manifold). 
In section 1 we will show that, under certain conditions, the function J(t) re- 
mains holomorphic whenever it is possible to deform the chain I’ continuously. 
There will be certain submanifolds S of X which will play a special role for 
this deformation: those submanifolds which will have to bound the chain I, 
and those submanifolds which the chain I will have to “avoid” (the singular 
loci of the form y;). In this way, the existence of an ambient isotopy (chap. IV, 
§1) of S inside X, which will obviously guarantee the existence of such a de- 
formation, will ensure at the same time that the function J(t) is holomorphic. 
It can therefore only have singularities along the Landau varieties defined in 
chapter IV (85). 

In section 2, we will study in detail the nature of the singularity along 
such a Landau variety L. 


1 Holomorphy of an integral depending on a parameter 


We begin with two obvious lemmas, for which the manifold X only needs to 
be differentiable, and not necessarily complex analytic. 


1.1 Lemma. Hypothesis: The form y,, which depends holomorphically on t, 
remains regular in a neighbourhood of the support of I’, as t varies in a neigh- 
bourhood of to € T. 


Conclusion: J(t) is holomorphic at the point to. 


F. Pham, Singularities of integrals, 109 
Universitext, DOI 10.1007/978-0-85729-603-0_6, 
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Proof. By differentiating under the integral, we see that expression (0) is 
infinitely differentiable with respect to the coordinates (t), and that its differ- 
ential with respect to the complex conjugate coordinates (#) vanishes. 


1.2 Lemma. Now let us allow (continuous) deformations of the chain I int, 
but let us strengthen the hypotheses of lemma 1.1 in the following way: 

1° I(t) is a cycle, 

2° yy, is regular and closed in a neighbourhood U(t) of the support of I(t), 
Vt Ee W, an open subset of T. 


Then J(t) is holomorphic in W. 


Proof. Since y; is closed, the integral only depends on the homology class 
h,(U(t)) of (#4). 

Now, since I(¢) varies continuously, it is clear that for t’ sufficiently close 
to t, I(t) is a cycle of U(t’) which is homologous to I(t’) 


I(t) € h,(U(t’)). 


Therefore J(t’) = Sr yt, and lemma 1.1 shows that the function J(t’) is 
holomorphic at the point t. 


1.3 Remark. In lemma 1.2, we could obviously have assumed that I(t) is a 
relative cycle modulo a submanifold S, by adding the hypothesis y;|.S = 0. 


1.4 


From now on, we will assume that the manifold X is complex analytic. Let 
S; C X be a closed complex analytic submanifold of codimension 1, which 
depends analytically on t (i.e., its local equations are analytic functions of t). 
Let y;, be a differential form which depends holomorphically on t, which 
is regular and closed in X — S;, and let uw, be a form on S$; which belongs to 
the residue class of yz 
w, € Res[y,]- 


Therefore, if y(t) is a cycle in S; which is deformed continuously with t, the 


function 
y(t) 
is holomorphic. 
This is because the residue theorem states that 


I(t) = | a 
dy(t) 


and we are in the situation of lemma 1.2, with 


U(t) =X —S. 
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1.5 


We have already treated the case where I(t) is a relative cycle of X, modulo 
a fited submanifold (in remark 1.3). Now let us treat the case where this 
submanifold varies analytically with t. 

Let S; Cc X be a closed, complex analytic submanifold of codimension 1, 
which depends analytically on t, let I(t) be a relative cycle of (X,S;), which 
is deformed continuously in t, and let y; be a closed regular differential form 
on X, such that y;|S; = 0 (for example, this will be the case for every holo- 
morphic form of maximal degree). 

Suppose, furthermore, that: 


(yi) yt can locally be written in a neighbourhood of every point y € S¢: 


r(x) = [sy(a, #)]* wy (2), 


where w,(x) is a differential form which does not depend on t and defined 
near y, a is an integer > 0, and s,(z,t) is a local equation of S; near y, which 
is assumed to satisfy the conditions!: 


Os,(x,t)/Ot 
(¥2) ~ sy(a,t) t) 
ds,(x,t) 


(ys) Sy (2, t) 
constant t). 


is independent of y, 


A wy(az) is independent of t (where d is the differential for 


Conditions (v2) and (3) are consequences of (v1), for a > 0. In fact, (2) 
follows from the equation 


Ovt Osy/Ot 
inl peep neat Et 
ot Sy 


Yt, 


whereas (3) can be deduced from 


as,,(@,t) 
Sy (2, t) 


1.6 Proposition. With the hypotheses of §1.5, the function 


at) =f a 


O= dye) = [s,(2,1)|* lo A Wy(x) + dwy(x) 


is holomorphic. 


' Observe that (2) is satisfied if s(a,t) is a global equation and (y3) is satisfied 
if w is a holomorphic form of maximal degree. 
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Proof. The integral only depends on the relative homology class h,(X,S;) of 
I(t). Let 7(¢) = OF (t). 

We construct, as in §III.2.2, a tubular neighbourhood V of S;, and a 
retraction 4: V — Sj. 

For y € S;,, and t near to, S; cuts the disk p~'(y) in only one point 
x(y,t). As y travels along the cycle y(t), the geodesic 7&, which joins y and 
x(y,t), sweeps out a chain I, whose boundary in S;, is —7y(to). Clearly, 
T(t.) + Ligt € he (X, Sz), and therefore 


a(t) = | a+ f Pt- 
I'(to) Lot 


The first integral is holomorphic by lemma 1.1. In order to study the second, 
observe that the function log(s,(t)/s,(to)), which does not depend on y by 
(Y2), is a single-valued function on the disk ~'(y) minus the cut 7z,. Its 
discontinuity along the cut is 277, and therefore 


1 t 
[vas], io 
tot ant Atot Sy (to) 


where the cycle A,,; is obtained from the chain I;,; by replacing the cut 
yz, by a circuit which runs along both edges of the cut (Fig. VI.1). Since the 
Sy (t) 
Sy (to) 
can replace the cycle A;,; by the cycle 6,,7(to) which is homologous to it, and 
lemma 1.1 shows that the integral obtained in this way is holomorphic. 


integrand (log ) Yt is a closed differential form [to see this, use (y3)], we 


5, Y(t) 


Fig. VI.1. 


1.7 


In the sequel, instead of considering a single submanifold S, we will consider 
a family of complex analytic submanifolds of codimension one in general po- 
sition {S14, So¢,--.-, Sm}, which depend analytically on t. 
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We then show, exactly as in §1.4, that if y, is a differential form which 
depends holomorphically on t, which is regular and closed on X — (SU S2U 
-+-USi,)+, whose iterated residue is the form uw, on ($19 S2N---ASim)z: 


wt Ee Res” [ye] ; 


and if y(t) is a cycle of ($1 1S2M--::A Sm)z, which is deformed continuously 
as a function of t, then the function 


is holomorphic. 
Likewise, proposition 1.6 has the following generalization: 


1.8 Proposition. Let I(t) be a relative cycle of (X,(S1 US. U---USm)z), 

which is deformed continuously as a function of t, and let y: be a regular 

closed differential form on X, such that y;|Si, = 0 (6 = 1,2,...,m). 
Suppose, furthermore, that 


(y1) vy can be written locally in the neighbourhood of every point 
YE (Si, NSN A Sit ({i1, t2,.--, 2} Cc {1,2,...,m}), 
g(z)= [[  [siy(2,t)]%*wy(z), 
i=t1 io, sip 


where wy(a) is a differential form which is independent of t, defined near y, 

Q1,Q2,...,Q), are integers > 0, and sj,(x,t) is the local equation of Siz near y, 
which is assumed to satisfy the conditions: 

O8ix,/Ot 

(¢2) —S— 


Siy 


is independent of y; 


OS; 
ou K wy 1s independent of t. 


(~3) 


iy 
Then the function J(t) = Sra yt is holomorphic. 


Proof. Suppose first of all that 


T=TY x TA x 1. x T™ 
WU Wy) WU W 
£=(#%, 42), ...,  £™) 


and that the function sj,(a,t) only depends on the variable t) 
(¢ = 1,2,...,m). Then we prove, exactly as in proposition 1.8, that J(t) is 
holomorphic in every variable t),t@,...,t°”) separately, and therefore (by 
Hartogs’ theorem) also in t. 

In the general case, we reduce to the preceding case by enlarging the space 
of parameters, i.e., by embedding T in T x T x --- x T via the diagonal map 


m times 


ba Gtoa Di 
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2 The singular part of an integral which depends on a 
parameter 


The analysis in chapter V (§2) will enable us to evaluate, at a smooth point 
u € L which corresponds to a simple pinching, the singular part of an integral 
over a cycle 


Page € WtBont SIL AX = Spt. avo) 


(we repeat the notations of chapter V, §2). 
The integral we will study can be written 


_ He |= silat) w 
20 Ja(= f (I ay! Eker 


where a={Q1,Q2,...,Qm} is a family of integers satisfying a1,a2,...,,<0 
and Qy41, @y4+2;-++,Q@m > 0. The same letter a will also denote the integer 
a= 5G a;. Here, w is a differential form on X, which is holomorphic of de- 
gree n (n = dim X), which is independent of t, and the s;(a,t)(i = 1,2,...,m) 
are the equations of the manifolds S;. To simplify the notations, these equa- 
tions will be assumed to be global: more generally, we could assume that the 
expressions s;(a,t), as well as the differential form w, depend on the chart 
being considered (although the whole integrand will remain independent of 
it), but the same precautions as in section 1 will be required to ensure the 
analyticity of J.,(t) outside the Landau variety (cf. proposition 1.8). 


2.1 


Let I(t) be the local equation of the Landau variety L near the point u € L. 
The behaviour of the function Ja(t) near the point u is given by the formulae 
(2.1!) n+ m-—1 odd: 

N (2ri)" "ATT (A)™ LO] 
2 (Qu41 —1)!-++(@m — 1)! (1+ 22" — a) 


(2.1”) n+m-—1 even > 2a: 


n+m—-1 
2 —a 


Ja(t) = 


(2mi)™ TA TT (— As) 
JQ(t) = (Qy44 = 1)! «+ (Oi =i 
x 13 i a log 1(t)(1 + o(t)) + hol. fn.; 


(Ta) 
(2.1’") n+ m—1 even < 2a: 


(nA je) 
* (O41 — 1)! cache (Qm — 1)! Hig (1 oT o(t)) 


+ Nlogl(t) x hol. fn. + hol. fn., 


Jo(t) = 


and is completed by the following two equations: 
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(2.1%) w=m=n-+l1: Ja(t) is holomorphic; 
(2.1) m=n+1, wp =0: Ja(t) has a polar singularity 
(2mi)" ATM Ag (a—n—1)! 
(ai —1)!--- (anti — 1)! [U(t)Jo~” 
In these formulae, hol. fn. means a function which is holomorphic at the 
point u, and o(¢) denotes a function which is holomorphic and vanishes at the 
point u. The number JN is the intersection index given by Lefschetz’ formula. 
The ),; are the coefficients of the expansion of the differential form 7*dl (i.e., 
dl viewed as a form on Y) at the pinching point a: 


Jq(t) = (-)"TN (1+ 0(t)) + hol. fn. 


(2.2) n*dl = S- rj,ds; 
4=1. 


(the existence of this expansion comes from the fact that 2*dl|S1N---A Sin 
does not vanish at the critical point a). Finally, A is given by 


(27) (ett) /2 
VD 


where p is the coefficient at the point a of the differential form 


(2.3) A= 


w A dt; \ dtz A+++ A dtg = pdy, A dy2 \--+ A dyp, 


and where D is the determinant of the matrix M’ obtained by deleting 
one of the final m rows, and the corresponding column, of the following 
square matrix: 


7 = = v= 
—_—eyRe——— ee eee: een 
La Dis iets p 1,2, ... @q1,2, ... m 
1 
2 
qs 071 3 0s; Oth d Os, 
OyjsOyj A" OyjOyy Oy; * Oyj 
p 
M= 
1 
2 tt. 
q 
0 
1 
2 Os; 
i=ed. riz : 
: 5! 
m 
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The fact that this determinant D is independent of the row which has 
been deleted follows from relation (2.2). It also follows from the same relation 
that the upper left-hand block of the matrix M is a tensor with respect 
to the coordinates y. On the other hand, since the Ot, /Oy; and Osy /Oy; 
are vectors with respect to the same coordinates, the variance of VD is the 
same as the “unit volume” in the space Y, i.e., precisely the variance of the 
coefficient p. The coefficient A given by formula (2.3) is therefore a scalar 
in the coordinates y, and the same is true for the coordinates t, as is easily 
checked. One can also check that the expressions (2.1) are invariant under 
change of the local defining equation I(t) for the Landau variety. 


2.4 A practical calculation of the coefficient 

Let us choose coordinates (41, Y2,---,Yp), (t1, ta,..-,t,) such that 
syy=m, soly)=yo, ---, Sm(¥)=¥m, Mt) =t, 

and such that the projection 7: Y — T can be written 


t, = I(y), to = Yn+2) a) tg = Up (p=n+q). 


The matrix M can then be written: 


(my) Sg - 1) (gl) (m) 
tere eee pl, 2,.-- WF aeewees > te eee Ce > 
: a ~~ © 
(m) : ? ? ? r2 rz 
: Nn O Am 
yoo O 
2 
ol 
= ie — ? 
0€;0E; 
: O O 
@-) e 4 ? ? 1 
y ‘ 
eee O 
(g-1) O 1 
"yr O : 
(m) | 2, O 
QO Am 
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where we have set 


1 =Ym41, €=Ym42, --+) & =Ymirs (r=n—m-+1). 
Thus, 
JD =o nday de" 
—1 ‘lt 2 a mm OE, OE; . 


Note that £1, &2,...,&- can be interpreted as the coordinates of the manifold 
(SN S29-+-AN Sm) =YLNSLNS2N---N Sm, 


where Y, is a submanifold of Y which is “transverse” to L [in the coordi- 
nates considered, Y, = Y|(tg = tg = +--+ = tg = 0). Det ||071/0€;0€;|| is 
therefore the Hessian of the function I restricted to ($17 S2N---N Sm)1 
(in short, Hess, J), and the “simple pinching” condition is equivalent to the 
non-vanishing of D. Now let us calculate the coefficient p. By definition, it is 
the coefficient of the differential form 


(wA dl), =(wAdl)|Y, = pds; A+++ A d8m A d&y A+++ A dé,, 


(w A dl), 


2.5 + ___—_ 
a ds, \-+:A d8m, 


= fae Ait hes 
(S1NS20--ASm) 1 


In summary, 


(27) (a= tal) /2 


2.6 A= ’ 
( ) AyAQ...AmV Hess | 


where p is given by (2.5). 
The appeal of expression (2.6) is that it takes a very simple form in the 
two cases m =nandm=n-+l: 


The case m = n+1: r = 0 and Hess, /! = 1. In the fibre Yy,, one can 
calculate the scalar 


7 w 
Prat dey Ans Adin 


(S10--98n)u 
Hence, (2.5) can be written 


-_ (w A dl), 
~ dsy A+++ Ad8n41 


p 


Fl 


(S10: ASnASn41) 1 


i.e., given (2.2), 
P= AntiPagr: 
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Therefore, 


1 w 


2.7 A= 
Cae AyAgQ..-An ds, \ dsz \ +++ A ds8y, 


The casem =n: r = 1, Hess, | = 071/0€?. We can choose the coordinate € 
in such a way that 1, = €7/2, ie., Hess, 1 = 1. In the fibre Y;, for t close to 


u, t € L, the manifolds $44, S'a,...,Snz are in general position, and we can 
therefore calculate the scalar 


_ Ww 
ds, \-++A d8y, 


Ot 


(Sin--ASn)é 


Therefore, at the point t, we have the equalities 


dl = S~ dads; + dl = S> Aids; + Ed€, 
i=1 i=1 
(wA dl), = ods, A-+-Ad8y A Ed, 


and, as a result, 
p= limo; €. 
tu 
Thus, 
V2 . Ww 


2.8 Asa eae 
28) FOy ere ee OTe AA doa | 


Sine -ASu)t 


2.9 The sign of the expressions (2.1) 


The expressions (2.1) contain several signs which have not been defined: the 
sign of Jf I(t) when n + m— 1 is odd; the sign of N, which depends on the 
orientation of the vanishing class; and the sign of A, which contains a square 
root Hess, lq [cf. (2.6)]. The interplay between the signs can be summarized 
in the following way: consider a value of t for which I(t) > 0. We therefore take 
I(t) > 0, and the sign of NA is given by the following proposition (cf. [21], 
§22): 

The manifold ($1 S29---M Sm) contains an oriented ball, whose ori- 
ented boundary is the vanishing sphere e($1M S2M---MS,), and on which 
Hess, [d&, A d&g \--- A dé, defines a positive measure. 


2.10 Proof of the formulae (2.1')—(2.1%) (J. Leray) 
It will be convenient to assume, as in the proof of proposition 1.8, that 


T= TY x TR) y% 0 T™, 
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where each s; only depends on t™ € T™, and does indeed depend upon it. 
Furthermore, in a neighbourhood of the point u, we will equip each T™ with an 
affine structure such that s;(a,t™) is a linear function of t™, for a € U. We 
will call a “homogeneous polynomial of degree 3”, with GB = {1, Bo,...,; Bm} 
(3; integers > 0),? a product Pg(t) = [], Ps, (t) of homogeneous polyno- 
mials Pg, (t@) of degree 3;. Such polynomials will occur either as polynomials 
of derivations Pg (0/0t), or in expressions of the form Pg(s), which is short- 
hand for [Jj Ps, (s:/dt). By the linearity condition, P3(8) is a function 
of x only (for « € U), which we will assume to be non-zero on the open set U. 
First step: construction of auziliary functions. Let Rg,y = Qg/Q, be 
a rational function, which is a quotient of homogeneous polynomials of degree 
@ and y. Assuming for the sake of argument that 


By -—74, <0 (J = 1,2, 24450), 
8B; -—7%; >90 (gj =vt+l1,...,m), 
we set 


qQrokav41(Be-Ve-1) 


(2.11) jr, (t) = i = 
Bix evti...m dshv+1 Ww Are: AN dsiim—%m 


where w’ is a holomorphic function of degree n which is independent of t, just 
like w in formula (2.0), and will be specified later. For every homogeneous 
polynomial P, we have the derivation formula? 


(2.12) P (=) jr(t) = jpr(t). 


Let us evaluate 71 (t). Obviously, 
jit) = fo ~ p' Meas e, 
e 


where p’ is the coefficient of the form w’ = p'dx1 A--- A day, evaluated at the 
pinching point a. Meas e is the measure of the vanishing cell e, which easily 
evaluated in the local coordinates of chapter V (§2.1). In fact, it is the area 
swept out by the vanishing cell e” as t, increases, starting from zero, i.e.: 


Meas e = Primitive Meas e” = (Prim)? Meas e”~ 1” 


= «++ = (Prim)™-* Meas ee. 
2 The letter 3 will also denote the integer Be 


3 Which we admit here without proof: it can be proved immediately by iterating 
the derivation formulae (10.5) and (10.6) and Leray’s formula [20]. 
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Now, Meas e?™ is the volume of a ball of radius \/41 in (n—m-+1)-dimensional 
space, which is equal to 
pe TLE? lg | een) 72 


ra+= es) 


Meas €2°° = 


so that 


7 aaa el | (n+m—1)/2 


Meas e = r+ mem=Ty 


As a result, in these coordinates we have 


tat? ol Tey | (n+m—1)/2 


ji(t) = (+ smal) ’ 


which can be rewritten in general coordinates as 


A | ere 


(2.13) ji(t) = rit as ( 


1+0(t)),* 


where A’ is given by expression (2.3), with w replaced by w’. 


n+m— 


2.14 Lemma. jr, (t)[l())9 2 * is holomorphic at the point u. 


It suffices to prove this for 3 = 0, since the general case follows from this 
by the derivation formula (2.12). Now, 


Ro, (t) -{(U cal") Ro,y(—8)w" 


i=l 


and we have seen that Mease < Cst |l(t)|("t™-1/?. Since, clearly, |s;| < 
Cst |I(t)|, we deduce that 


n+m—-1 


I9Ro,(#)| < Cst [U(e) 7, 


n+m—1 


and the function jr, (t) = [I(t)]"7~~ 2 is of bounded modulus. On the 
other hand, it is single-valued, because 


e, ifn+m-—1 is odd, 
Wye = 
—e, ifn+m-—1 is even 
(cf. chap. V, §2.6), and is therefore holomorphic (by Riemann’s theorem). 
2.15 Lemma. [fn +m —1 is even, jr,_,(t) is holomorphic. 


4 Observe that this formula is also valid in the case m =n+1. 
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In this case, all the vanishing classes are invariant in the sense of chapter V, 
§2.7, which means that we can apply lemma 1.2. 


ye MEN) nt 
(2.16) JRe,y _ ri af: ntm=1 _ B+7) 
except in the casen+m—1 even < 2(8—7). 


[(t)] “2 -P+7(1 + O(2)), 


By the derivation formula (2.12), we have ji(t) = Q,(2)j1/q, (t). Inte- 


grating formula (2.13), and taking into account lemma 2.14, gives: 


NTE = 1) WO) 
Qy(8)r(l+ ee +4) 


1+ 0(t)). 


Hija, (t) = 


By applying the polynomial operator Qg(0/0t) to this expression, we ob- 
tain (2.16), except in the case n+ m-—1 even < 2(3—7), where the power of 
the leading term becomes zero after a certain number of differentiations. 


Second step: comparison between the integral to be studied with aux- 
iliary functions. We set R = Qt /Q7, where: 
Qt is a homogeneous polynomial of degree (0,0,...,0, @41,---;Qm); 
@~ is a homogeneous polynomial of degree (—a1,...,—@,,0,...,0), 
and let us choose the form w’ which is used to define the auxiliary functions 
of the first step to be 


Thus, 


qubauti(4%-1) H (—s;)~% 
IR(t) = a Be EIA 
In( ) — a dsp” Il (-a;)! 


B+1 j=l 


a (ous = DCm tf Il (ar w 
(2mi)m—h ade 

by the residue theorem. 

2.17 Theorem. [fn —m-+1 is odd, the function 


N (Q7ri)™—# 
2 (Qm+41 — 1)!-++ (Am — 1 


Jolt) + sjiatt 


is holomorphic at the point wu. 


This is because the class hiro... + Né1.2.... is invariant (cf. chap. V, 
lemma 2.10). 
Together with (2.16), this theorem proves formula (2.1’). 
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2.18 


Now let us concentrate on the case where n + m—1 ts even. The integration 
cycle I;2..,, can be assumed to cut the sphere U, which is the boundary of 
the ball U, transversally: this gives a decomposition 


Pig = Ta. dy - ieee 
M1 N 
U X—U 


In this case, one can show that Jew is homologous to Ndé,41 9 ++: 9 
Omyttt-™ in U — Sysi.m, modulo UU Si2..4, where y#t!--™ is a chain 
of UN S#t1-™ pounded by S1.2...4. As L(t) winds around zero, this chain 
yetl-m varies continuously, and its measure remains bounded as long as I(t) 
only winds a finite number of times around zero. 


2.19 Lemma. Let P be a homogeneous polynomial of degree (0,...,0, @41—1, 
++) Qm — 1). 
The function 


OG = an eee G 


is holomorphic at the point wu. 


To see this, note that the polynomial of derivations P (0/0t) only involves 
the 0/dt) (where k = p+1,...,m) so we can keep the variables t9 (j = 
1,2,..., 44), and hence the corresponding manifolds 5;, fixed. The analysis of 
section 1 therefore shows that the integral over "T)9.,, is holomorphic, and 
so the function 


Jat) fh : II oa aap 


p+1 


is holomorphic. To see that this function is indeed the same one as in 
lemma 2.19, it is enough to observe, as in the proof of lemma 1.2, that the 
chain ‘T) 2.. » can be taken independently of t for small variations in t, which 
justifies the differentiation under the integral. 
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(2.20)° We have the identity 


Stl *+*Sm 
-| the same integrand 
op 


1 8 


“Im — fb - (—8;) 
+ (2771) N on due. Ul Eat Wi, 


yutl.m d8y41 A-+ 


where °I’ is a chain of U which intersects Suti,+++;Sm in general position 
(Fig. VI.2). Thus, §2.18 can be reformulated as follows: 


Tho. = N 664, 0++-0 68 gett 4 P+ a chain of $1.2... +a boundary, 


where {I is a chain of U—S +1...u and the index ¢ above 6 denotes the radius 
of the tubular neighbourhood which is used to define the coboundary 6. Only 
the first two terms of this sum give an integral which is non-zero: as ¢ — 0, 
the integral over the first term can be calculated by taking residues (it would 
not be correct to apply the residue theorem for finite ¢, because y4t!-™ is 
not a cycle). From this, we deduce formula (2.16), with °F = lime.9 TI. To 
see that the integral over °“I’ converges, it suffices to observe that every S,N°T 
is of real codimension 2 in °J’, whereas the s, appear with a power 1 in the 
denominator. 


2.21 Lemma. Jfn+m-— 1 is even, the function 


n= f (TES) — 


Su4+1°°* Sm 


— (277i) *" NP(—8) jr p(t) log I(t) 
is holomorphic at the point u (where deg P = (0,...,0,@41—1,...,Q@m—1)). 
By the Picard—Lefschetz formula, 
Var Tio. = N 6y410+++ 0 bmettt™, 


which proves, using the residue theorem, the definition of jg/p(t), and 
lemma 2.15, that the function f,,(t) is single-valued. Let us bound it above: 
its second term is bounded above by Cst|logI(t)| by virtue of lemma 2.15, 
whereas its first term is given by formula (2.20). Now, in formula (2.20), the 
integral over °I’ converges absolutely and uniformly, and is therefore bounded. 


° From §(2.20) to 2.23, we exclude the case (uw = 0,m =n +1). 
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Fig. VI.2. 


As for the integral over y“*1-, its integrand is bounded above by a constant 
if uz > 0, and by Cst/,/|I(t)| if 4 = 0 (to see this, use local coordinates). 


In summary, 


Cst 


VANS 


which is enough to prove that f,(t) is holomorphic, since it is single-valued. 


| fa(t)| < Cst | log I(t)| + 


2.22 Theorem. Let P be a homogeneous polynomial of degree 3. Ifn+m—1 
is even, the function 
(Qa F AN 


F,(t) = Jo(t) Gai= ile 1 


oP (2) linet) 08 


is holomorphic, provided that @ > a— atmo) | 


In the special case 6 = (0,...,0,a,41 —1,...,@m — 1), this theorem is 
an immediate consequence of lemmas 2.19 and 2.21. The general case follows 
from it, by the following lemma. 


2.23 Lemma. If P and P’ are two homogeneous polynomials such that P(—8) 
P'(—s) £0, and if 


n+m-1 


degree P=B>a-— 5 , 


then the function 


P(E) (2) linrr(t)lostto) ~ P (2) inyr() ow 0) 


is holomorphic at the point wu. 
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To prove lemma 2.23, it suffices to recall that jp;pp:(t) has a zero of 
order at least 6+ 9’ — a2+#=1 on L (cf. lemma 2.14), ie., a zero of order 
> B' = degree P’, so that 


p (=) Lin/ppr(t) log I(t)] — jr/p(t) log I(t) 


is holomorphic. 

We have thus proved theorem 2.22. Together with (2.6), this proves formula 
(2.1”) and (2.1). 

It remains to prove two special cases: 


2.24 Proof of (2.1'’) 


ay 


n+1 fa -_ 
p=m=ntl, ia() = f TT AS e. 


By the Picard—Lefschetz formula, h is unramified, and the function Jq(t) is 
therefore uniform. But it is obviously bounded, and therefore holomorphic. 


2.25 Proof of (2.1%) 


WwW 
fb = 0, m=n+l, Jatt) = f Q1 Qn .A2n+1- 
hn sy °° Sn Syiy 


By chapter V, §2.12, the class 
A+ (-)"N 610 620++-06,0"4 


is invariant. Therefore 


Ww 


Jo(t) = hol. fn. + (—)"**N 


_——~ a Qn .an+1- 
51062005, OP #1 $10 °° Sn" Sp 44 


By transforming the second integral as in lemma 2.19, and then by applying 
the residue theorem, we find that 


(=) 
(a1 — D!- (an — Dens — DIPCA) 


0 
x P (=) | —— 
Ob] I 5,005,771 $177 * Sn Sn41 


(=)"t1N (ni) 
(a1 — 1)! (a, — Dens — DIP(—8) 


a ao 
P Snel 
“ (=) ds, A-»Adsp 


Jo(t) = hol. fn. + 


= hol. fn. + 


onti 
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where P is a homogeneous polynomial of degree (a1 —1,...,Q@n—1,An41—1). 
Now, in the local coordinates of chapter V, §2.1, 


sn41(O") = th, 


i.e., in general coordinates 


and therefore 
Jq(t) = hol. fn. 


(—)" emi (Tt Ag?) : (anaei) 
(Deena) dA Ads | TO 


VII 


Ramification of an integral whose integrand is 
itself ramified 


The ramification problem for an integral has already been solved when the 
integrand has polar singularities along $1, S2,..., Sm: by applying the Picard— 
Lefschetz formula and the residue theorem, we showed ae a “simple loop” 
wy, around the Landau variety L changes the integral J(t) = [7 pp Ye by 


w7, J(t) Ht) +N fo = 1 t) + N(27i)™ _ 


In this chapter we will consider an analogous problem where the integrand 
yz is itself “ramified” around $j, S2,..., Sm: in this case, we must no longer 


work in the space Y — S, but in a “covering space” Y — S of Y — S. Let us 
begin with some general comments on covering spaces. 


1 Generalities on covering spaces 


A covering space of a topological space! Y is a locally trivial fibre bundle 
Y + Y with discrete fibres F. 


1.1 


Let F, = r~'(y) denote the fibre above y. We show, exactly as in §IV.2.6, that 
every path X in Y with initial point a, and end point b, defines an isomorphism 


Aw: fa — 


which only depends on the homotopy class of the path. Let us make this iso- 
morphism more explicit: if @ ¢ Fa, there exists a unique path de in Y with 
initial point a, such that ro a = = . The end point b of this path is the point 
r+ a. 


' In the sequel, we must assume that Y is locally compact and paracompact. 


F. Pham, Singularities of integrals, 127 
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1.2 
Setting a = 6 in $1.1 defines a homomorphism 

x: m1 (Y,a) — Aut Fa via y(A) =”.. 


The quotient group 2, = 71(Y,a)/ Ker y (which is isomorphic to the image 
of x in Aut F,,) is called the structure group of the covering space. This group 
is independent of the base point a, up to isomorphism. 


1.3 


The projection r: Y — Y induces a homomorphism of fundamental groups 
rai (v2) — 7™(Y,a) [where a=r(a)], 


defined by rg(A) =r oA. 
This homomorphism is injective, because if the projection A of a loop A 
in Y is homotopic to zero, it is homotopic to zero itself.” 


1.4 


Let us set 7? = Im rg. This is the subgroup of 71 (Y, a) consisting of the loops A 
whose “lift” Aq (using the notation of §1.1) ends at the point @, which clearly 
shows that 
() ne = Ker y. 
ack, 


In everything that follows, the space Y will be assumed to be path connected 
(and locally path connected). 


1.5 


The set 11 (Y, a)/1? of left cosets of x? in 71(Y, a) is isomorphic to the fibre Fy. 
To show this, let @ : 71(Y,a) — Fy be the map which sends the loop A to 
the point b= X.- a. This map is obviously surjective, because for all be Fy, 
there exists a loop \ in Y which joins a to 6, and it is enough to set \= ro A. 
Now let A and_\’ be two loops such that A-a@ = \’- a = b. This means that 
the two paths Ag and Ay have the same end point b, and therefore AZ ty A, is 
a loop based at @, which projects onto A~!-)’, and therefore \~!-\ € 1%, 


? This is a special case of the general “homotopy lifting” property for fibre bundles: 
it is this property which is used to prove that every bundle over a contractible 
base is trivial. 
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1.6 


If a@ and ae F,, the subgroups x@ and 7 are mapped to each other by an 
inner automorphism of 71(Y,a). To see this, let A be a path with initial point 
a and end point b, and let \ = ro X. The commutativity of the diagram 


(in which the vertical arrows are isomorphisms) proves that Imrg and Im r; 
are mapped to each other by the automorphism [A]. 


1.7 Regular covering spaces 


A covering space is called “regular” if 7? is a normal subgroup of 7(Y,a). 
This subgroup is therefore independent of a € Fy (by §1.6), and it coincides 
with Ker y (by §1.4). As a result, the structural group Qq is isomorphic to the 
fibre Fy, by 81.5, and acts transitively upon it by left multiplication. Having 
chosen the point @ which occurs in §1.5 once and for all, we can identify the 
fibre F, with the group 2,, which also allows us to define right multiplication 
of a point of Fy by an element of 2,. We will see that this right multipli- 
cation canonically extends to all the fibres F,, so that Qq acts on the whole 
covering space Y as a group of operators acting on the right which respect the 
projection r. To make this explicit, let w € Q,. The right operator -w maps 
the point b € Y to the point b-w = \- ((A71- b) -w), where A is any path 
which joins a to b = r(b), and A~! - bisa point of F, which is mapped by 
right multiplication by w to a point (A+ -b) -w, which is finally sent into Fy, 
by the operator A-. One immediately checks that the point obtained does not 
depend on the choice of path X. 


1.8 Construction of all possible covering spaces of a space Y 


One proves that, to every subgroup 77 of 7(Y, a) there corresponds a covering 
Y Y, which is unique up to an isomorphism of fibre bundles, such that 
ra((Y,a@)) = 7. The space Y can be constructed as the set of homotopy 
classes of paths in Y, by identifying paths which are equivalent modulo 77. 

In particular, if 7{ = 0, the covering space obtained in this way is called 
the universal covering space of Y: it is the only simply connected covering 
space of Y, and it “covers” all the others. 
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2 Generalized Picard—Lefschetz formulae 


2.1 


We will use the notations and hypotheses of chapter V, but we will focus on 
the homology of X — S; ~ (Y — S$), rather than X — S; = (Y — S):, where 
Y —S is a covering space of Y — S, (Y—S); = Y—SN71(t), and the 
projection map 7 is defined by the commutative diagram: 


——_ r 


yog—+y-s 


as 


T 


Observe that if Y—S is a locally trivial fibre bundle with base T’, the same will 
be true for Y — S, by the very definition of a “covering space”. As a result, the 
Landau varieties of our new problem will be the same as those in chapter V. In 
the same way as in chapter V, the ramification problem around these Landau 


varieties can be localized to an open set V — S = Y — S|V, where V is a small 
ball neighbourhood of a pinching point ae Sy NS20+:-ASm- 

The structure of the covering space V — S could clearly not be much sim- 
pler: in Y, the submanifolds $1, ,...,S,, intersect each other in general 
position, so that V — S has the homotopy type of a product of m circles: 


V-—Ss(C-— {0})™ x CP-™. 


In this case, we know that the fundamental group 71(V — S$) is the free com- 
mutative group generated by the “small loops” w1,w2,...,Wm which wind 
around $1, 55,..., 5; respectively. Every covering space of V — S'is therefore 
regular, and as a result, 71(V — S) acts as a group of automorphisms on the 
covering space (we will view it as a group of left automorphisms: since it is 
commutative, its right action, which was defined in §1.7, coincides with its 
left action, which was defined in §1.2).° 


2.2 Description of the vanishing chains 


As in chapter V, let us choose a point t ¢ LZ, and set U = V;. 
The vanishing cell e of §V.2.2 can be viewed as defining a (non-compact) 


“cell” in U — S, whose inverse image r~!(e) in fof= Y—s\U — S$) is 


3 We should point out that in reference [29], special importance is given to those 


covering spaces V—s for which w1,w2,...,Wm act “independently”, i.e., those 
for which the subgroup 7? C 7(V — S) can be spanned by the loops of the form 


1 2 : 
wy, ,w 3 ,..., without “cross terms” such as wiw2,... 
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a union of “cells” ;(e), f € F (where the discrete set F' is the fibre of the 
covering space). To each of these “cells” ;(e) we will associate the “cycle” * 
fre = (1—w1)(1 — we) +++ (L— wm) fe. 


We can construct a deformation of this “cycle”? which moves it away 


from S [29], and transforms it into a cycle with compact support in U — S, 
denoted -é, and whose projection € = r.,é€ belongs to the vanishing class 
e(U — S) of chapter V. Fig. VII.1 illustrates, in the case n = m = 1, the 
transition from the “cycle” se = (1 — w), fe to the cycle ¢eé. Here, w denotes 
the unique generator of the structural group and can be represented in U — S$ 
by a small loop around any one of the two points which make up S;. We have 
used two different styles (full and broken lines) for the cells situated in two 
different “sheets” (the cut which separates these two leaves has been chosen 
arbitrarily, and is indicated by the hatched region in the diagram). 


—O, /e 
“rN 
a ee ot j 
is MLL) TERA lagers @rprriiiie 
fe ye 


Fig. VII.1. 


In the general case (where n,m are arbitrary), one can get an intuitive 
idea of the situation by observing that the loop w; “does not act” on the “i-th 
boundary” of the “cell” ye (by the “i-th boundary” we mean the part of its 
“boundary” situated in S;).° The “cycle” re defined above “therefore has a 
non-zero boundary in S”, and so it is not surprising that we can move it away 


from S to make it into a cycle of U —S. 


2.3 Picard—Lefschetz formulae 


The variation of a homology class We H,,(X — S;) is given by the formula® 


(P) Varh= S~ sN 4, 
fer 


“Tt is a cycle in U—s8 with non-compact support. The appropriate “family of 
supports” is specified in the appendix (§3). 

All the expressions in inverted commas, which seem intuitive enough (?), do not 
mean very much for the time being. See §2.5 later on. 

Cf. [29]. In reality, this formula is only proved in [29] for covering spaces with 
“independent ramifications” [cf. note 3, p.130], but I believe that it is true in 
general. In any case, since it is true for the universal covering space of U — S, it 
will also be true for every class h on any covering space, which is the projection 
of a class coming from the universal covering space, i.e., for every cycle I’ which 
is still a cycle after lifting it to the universal covering (when I speak of the class h 


——_——_ 


ou 


for) 


of a cycle fr I naturally mean the trace of this class, or this cycle, in U — S: the 
problem is purely local). 
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where 


(Z) jN = (—)rtnr42)/2 (ye | h) ; 


To see that the sum in (P) makes sense, observe that even if the fibre F' were 
infinite, there would only be a finite number of non-zero intersection indices, 
because h is a homology class with compact supports. 


2.4 Application to the ramification of an integral 


We can deduce the ramification of an integral J(t) = J; y from formula (PL), 
where y; is a closed differential form on X — S which depends holomorphically 
on t. By defining Disc, J(t) = (1—w})J(t) to be the “discontinuity” of J(t), 
we have 


(Disc 1) Disc, J(t) = — S~ if Yr. 
fe 


fer 


‘ 


If the integrand is “not too singular” in a neighbourhood of $1, 52,..., Sm 
[in practice, if its modulus does not grow faster than 1/|s;|* (0 < a< 1) as 
one tends towards S; in some arbitrary direction; for example, the function 
log s;/|si|’ (0 < b < 1)], we can replace the integration cycle sé by re = 
(1—w1)-+-(1—Wm) pe, which gives 


(Disc 2) Disc, J(t)=— 5S > -N ) Disc; Disc ---Discm y+ 
fer £&, 


[where we have set Disc; w = (1 — wF)w). 

More generally, let us suppose that y; behaves as stated above on the man- 
ifolds $),S2,...,5,, but has (unramified) polar singularities on the manifolds 
Si415+++;5m- In this case, we show that the cycle ¢é can be replaced by 


On+l Ose O bm(1 _ wy)(1 = we) ae el _ pete, 


where 6; is the Leray coboundary “around” the submanifold $;, and ¢e4t!-” 
denotes the cell given by the iterated boundary fe: 


Ves 
pelt ™ = On O+++0 +1 fe. 


Leray’s residue theorem therefore gives 


(Disc3) Discz, J(t) = —(2mi)™-" S$ -N 
feF 


x i) Res,41 +++ Resm Disc; Discg --- Disc, yz. 
peutl.m 
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2.5 Generalization to “relative” homology 


If the form y; is “not too singular” (cf. §2.4) on $1, S2,...,S, (uw < m), it can 

even be integrated along chains which meet 5), S2,...,5,, and it is natural 

to try to solve the ramification problem of the integral J(t) = f- ia ot, 
Qe 


where the integration chain Liang “has boundary” in S; U Sg U--:U Sy. 
Unfortunately, it is a little delicate to define this idea of taking a chain which 
has to be “ramified” around S, and “bounding in S”. In [29], we find a way 
out by considering the obvious stratification of Y by the manifolds 


Y-S, Si-US, S:95;- LU Se, 
k#i k#i,j 
and by “attaching together” the covering spaces of each of these strata to form 
a space Y. We then_assume that the integration takes place on a homology 
class Tiiie STLAY = 8 a4.gis en: This procedure has the disadvantage 
of not being applicable to all possible covering spaces of Y — S: one shows 
that it only gives those for which the ramifications are “independent” [note 3, 
p. 130], and furthermore, one can only obtain infinite covering spaces at the 
cost of some unpleasant acrobatics. It is preferable, however, not to try to 
enlarge the space Y — S: the appendix (§3) shows that we can redefine all the 


homologies above by choosing appropriate families of supports on Y — S, and 
that the new definition has the advantage of being applicable to all possible 
covering spaces. 

The result of [29] can be stated thus: 


(Pro...) Var his... = S- fN wy Wo ++ Wy, f €1,2...p5 
fer 

with 

(Eiz..u) pN = (—)M (HYD HD? (Ess | aang) 


where fé1.2..., is a chain constructed by moving the chain (1 — wy41)--- 
(l—wm)s pe “away from” S)41..m, and f€,41...m is defined in a similar man- 
ner. From this formula, we deduce a discontinuity formula which is analogous 
to (Disc 2), with Disc,,41---Discm vy: as the integrand. 


3 Appendix on relative homology and families of 
supports 


3.1 Lemma. Let X = Y—S be a locally compact and paracompact topological 
space, such that in Y, S is a deformation retract of some open neighbour- 
hood U, and g, : U — U is the homotopy between the identity (go = ly) and 
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the retraction r of U onto S (g, =ior). Let us suppose that the following 
properties are satisfied: 


(i) (stability of S'): for every r € [0,1], 97(S) = S; 

(tt) (decreasing neighbourhoods): for t < 1,g, sends U homeomorphically 
onto an open set U,, which decreases as T increases. If we call g,7" : 
U, — U,, the resulting homeomorphisms, we demand that 


Ve >> 7, Gee(Unn) C Up 
(iti) for every compact set K of X, we can find tT <1 such that 
KOU, = @. 
Let ® be a family of supports of X, such that: 


(®;) for allt <1, @N(Y —U,) = the family of compact sets; 
(®;;) for all AE BU — S, 

LJ 9-(A) € OU — S. 

T<1 


Then we have a canonical isomorphism 


H.(@X) © H,(Y,S). 


Examples. The family (U,,g,) is easy to construct when Y is a differen- 
tiable manifold and S' is a closed submanifold, by taking U to be a tubular 
neighbourhood of S as in 81.6.4. 

The following are examples of families @: 


1° cN(Y —S), where c is the family of all compact subsets of Y; 
2° the family of all the closed subsets of X whose intersection with Y — U, 
is compact for all rT < 1. 


Proof of lemma 3.1. An obvious excision and deformation retract argument 
gives the canonical isomorphism 


H,(Y,S) + H.(X,U —S). 


On the other hand, by applying condition (®;) with 7 = 0, we have an obvious 
homomorphism 
yp: Cy (eX) — C,(X,U — S) 
defined by suppressing the chain elements in every chain of C,(@X) which are 
supported on U — S. 
This homomorphism is obviously surjective, and its kernel is the group C, 
(o|U — S). We therefore have an exact sequence’ 


i. G8) 30 Gx Cx ao 0 


” The rest of the argument will require that the reader is familiar with some notions 
relating to the homology of chain complexes (cf., for example, [22], chap. II). 


3 Appendix on relative homology and families of supports 135 


which gives a long exact homology sequence 
4 Hy (alU — 8) Hy (9X) © Hy (XU — 8) Hy (al — 8) > 


We will show that H.(¢|U — S) = 0, so that y. will be an isomorphism, and 
the lemma will be proved. 
For every pair tT < 7’, the map 


Grr 1 U7 —-S — U,-S 


(which is the restriction of g;- 0 g>' to U; — S) is homotopic to the identity. 

Let G,, : Cp(a|U; — S) — Cp41(o|U; — S) be the associated homotopy 
operator: to see that this operator does indeed have the effect suggested by 
the notation above, one must check that if y is a locally finite chain with 
support in &|U, — S, then: 

1° G,-ry is a locally finite chain: let K be a compact set of U; — S. There 
exists, by (iii), a U,” which does not intersect K. Let us set y = 7 +", 
where ” consists of chain elements of y with support in U;. By (ii), Gp77/”" 
also has support contained in U;, so that 


(supp G77) NK = (supp G77) NK. 


Now, by (®;), 7’ is a finite chain, and the same is therefore true of G,-/7': we 
have therefore verified that K only meets a finite number of elements of the 
chain G77; 

2° supp G,77 € ®|U, — S: this is obvious by (®;;) and axiom (®2) for 
families of supports (§II.5.1): 

Let us show that every cycle z € Z,(e|U — S) is homologous to zero in 
H,(o|U — S). We have, by definition of the homotopy operator, 


2 — Grr!,27 =OG,7/2, for every cycle z, € Z,(e|U; —S). 


Let 7 = 0,71,72,... be an infinite increasing sequence which tends to 1, and 
consider the chain 


oan 5 Gritins Zr: > with er, = Gris X 
i=0,1,2,... 


It is a locally finite chain, since the family (U,, — S); is, by (iii), locally finite 
in X. Furthermore, its support is in g|U — S, by condition (®;;). Now, we see 
immediately that 0, = z, which completes the proof. 


3.2 The inverse image of a family of supports 


Let f: X — X be a continuous map of locally compact and paracompact 
topological spaces, and let ® be a family of supports in X. Let f;>1(@) denote 
the family of subsets of X whose images belong to ® and which intersect the 
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inverse image of every compact set in a compact set. It is easy to see that 
fz (®) is a family of supports® on X and it is the largest family of supports 
® such that the map 2 

f : gx —t oX 


is homologically admissible (§11.5.3). 


3.3 


With_the notations of _§3.2, we suppose that f is the restriction of a map 
f Vc hee X= = S, X = Y-—S, and S = f(S). Suppose 
that S and S admit neighbourhoods U and U = f (U ) in Y and Y, equipped 
with homotopies g, and g, which satisfy the conditions of lemma 3.1, and are 
compatible with the projection f. Then, if @is a family of supports of X, which 
satisfies the conditions of lemma 3.1, the same is true, as one easily verifies, 
for the family f7!(®) in X. We therefore have a canonical isomorphism 


H.(-1(g)X) © H(¥, 8). 
Application to the problem of §2.5 


Given the pair (Y, 5) and the covering r : Y — ¥ 939 S, we can define the 

“relative” homology group H. (Y, S ) without having to construct the space Y 
or the space S: we choose a family ® in Y — S satisfying the conditions of 
lemma 3.1, and we set, by definition, 


H,(Y, 8) = He(,-1@)¥ — 5). 


® This family of supports is cited by Serre in the Séminaire Cartan 1950-1951 
(Exposé 21) [4], to illustrate the notion of “well-adapted families”. 


Technical notes 


(1) 


(4) 


(5) 


“Analyste! rends hommage a la 
Vérité, sinon l’équidomoide (12) 
vengeur viendra peser, la nuit, sur 
ta poitrine anxieuse.” 


(LEOPOLD HuGo) 


A topological space is called “Hausdorff” if any two distinct points always 
have two neighbourhoods which are disjoint. The fact that a space is 
locally homeomorphic to R” [property (Xo) of chapter I, §1] does not 
imply that it is Hausdorff: an important counter-example is the “sheaf of 
germs of continuous functions on R””. 

P” is equipped with the “quotient topology” of the topology on R"t!—{0} 
by the equivalence relation being considered. In other words, the open sets 
of P” are the images of the open sets of R"t! — {0}. 

A Hausdorff topological space X is called “paracompact” if every open 
cover of X has a locally finite refinement. One proves that such a space 
is “normal”, i.e., that two disjoint closed sets always have two neigh- 
bourhoods which are disjoint. A useful property of normal spaces is the 
following: for every open covering {U;} of X, there exists an open covering 
{V;} such that V; Cc Uj. 

The connection between paracompactness of manifolds and property (X71) 
of chapter I (§1) is clear, due to the following theorem: 

For a locally compact Hausdorff space to be paracompact, it is necessary 
and sufficient that each of its connected components be a countable union 
of compact sets. 

The theorem of the topological invariance of open sets states that if two 
subspaces of Euclidean space R” are homeomorphic, and if one is open 
(in R"), the other is too. For a proof of this subtle theorem, cf., for ex- 
ample, ([8], chap. XI). 

For completeness, I should mention two further properties of homology: 
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(i) Excision: Let (X,A) be a pair, and let U be a subset of A whose closure 
is contained in the interior of A. There is a canonical isomorphism 


H,(X, A) = H,(X —U,A-U). 


This property, which is not obvious to prove, is intuitively quite clear: 
since the relative homology of the pair (X, A) “ignores” the chains of 
A, it is not surprising that we can remove a piece of A. 
(ii) Exact homology sequence: the sequence 
MACAO Ke BA Bu Aa, 
(where the unnamed arrow represents the homomorphism induced by 
the projection map C,.(X) — C,(X, A)) is exact, i.e., the image of each 
homomorphism is equal to the kernel of the next homomorphism. 
(6) It remains to mention two properties of cohomology. 
(i) Excision: can be expressed exactly as for homology (5). 
(ii) Exact cohomology sequence: this is the sequence 


. ©, P(X, A) > P(X) © P(A) © WPHX, A) 


[where the unnamed arrow represents the homomorphism induced by 
the inclusion map C*(X, A) — C*(X)]. 
(7) In general, we have the exact cohomology sequence of a closed subspace S 


.©, (4X — 8) 3 HP(Px) HPS) 2 WPHAX — 8)... 


If we are dealing with oriented manifolds, Poincaré’s isomorphism trans- 
forms this sequence into Leray’s exact homology sequence, which in the 
special case ® = c, can be simply written 


5* 


H,(X — S) * H,(X) % Hy_,(8) % Hy a(x — 8) 4%... 


(q= dim X — p, r=codim S), 


where j, is the homomorphism induced by the inclusion 7: X —S— X, 
and 7* can be interpreted as the “intersection” of cycles of X with S. 

(8) We often introduce an extra structure in a locally trivial fibre bundle by 
specifying a group G of automorphisms of the fibre and by requiring that 
the various local trivializations can be “patched together” with transfor- 
mations which belong to this group (for example, in the case of the tangent 
bundle of a manifold, G could be the linear group). We then say that we 
have a “fibre bundle with a structure group”. 

(9) Since the formulation of Whitney’s conditions A and B involves the “an- 
gles” between hyperplanes, one might expect that the notion of regular 
incidence brings into play the metric structure of the ambient space. This 


Technical notes 139 


is not at all the case, and the conditions that certain angles between hy- 
perplanes tend to zero can be rephrased by saying that certain points of a 
“fibre bundle whose fibres are Grassmannians” [3] have a limit in certain 
“Schubert cycles” [3] of this space (cf. [38]; in fact, [38] also involves the 
“distance” in the Grassmannian, but one can get around this by speaking 
of the “uniform topology” in the Grassmannian). 

Let Y be a differentiable manifold, and let M and N be two differentiable 
submanifolds of Y, of codimension m’ and n’ respectively. We say that M 
and N are transversal at the point y €¢ MN if their tangent spaces at y 
span the whole tangent space T,(Y): 


T,(M) + ,(N) = T,(Y). 


(This coincides with the notion of “general position” in codimension 1.) 
M and N are transversal if they are transversal at every point where they 
intersect. MM N is then a submanifold of codimension m’ +n’ (with the 
convention that a manifold of negative dimension is empty). 

A differentiable map f : X — Y is said to be transversal to a submanifold 
M CY if its graph is transversal to the submanifold X x MCX x Y. 
It is said to be transversal to a stratified set L C Y if it is transversal to 
each of the strata of L (observe that if f is transversal to a stratum of L, 
then by Whitney’s condition A, it will also be transversal to its star near 
this stratum). 

One question immediately springs to mind: given a closed form w on S, 
can one find a closed form y on X — S whose residue is w? The answer to 
this question is given by the exact cohomology sequence 


ok 


28 Hix 5)0 Hx) Beg) &* Bex 8) 


which is the transpose of Leray’s exact homology sequence [cf. note (7), 
with r = 2] with respect to the bilinear form given by “integration” 
(de Rham duality). 

We can see from this sequence that a necessary and sufficient condition 
for a cohomology class h?~? € H4~?(S) to be the residue of a class in 
H4-1!(X — S) is that the image of h?~? under the homomorphism i** 
is zero (for an explicit construction of i*”, cf. Leray [20]). In particular, 
this is always the case when S and X are smooth algebraic subvarieties 
of C% which intersect the “hyperplane at infinity” in CP% (the obvi- 
ous compactification C’) transversally (cf. [10], the “decomposition the- 
orem”, where it is shown that under such conditions, the homomorphism 
i* : Hy(X) — Hq—2 (S) is zero; the same is therefore true for its transpose 
aa 

For the definition of the word “équidomoide”, cf. [31], which is where I 
found this citation. 


Sources 


Here is a rough list of the origin of the main ideas which feature in this text 
— apart from possible errors, which are my own contribution. 


I. 


II. 


III. 


IV. 


For generalities on differentiable manifolds, cf. Whitney [40], or 
de Rham [6]. I was also inspired by a course given by Deheuvels at 
the Institut Henri Poincaré (1962-1963). 

A modern — and very elementary — account of homology can be found in 
Wallace [39]. Cf. also Eilenberg and Steenrod [8], to whom the axiomatic 
presentation of the theory is due, and Mac Lane [22], who gives an account 
of algebraic techniques. 

The notion of a family of supports, as well as the general form of Poincaré’s 
isomorphism are due to H. Cartan [4]. Some aspects of this are summa- 
rized in [12]. 

The notion of a current was invented by de Rham [6]; cf. also [28]. 

Leray [20]. Cf. also Norguet’s talk [26] for a more general formulation [27] 
of Leray’s theory of residues. 

The notion of ambient isotopy is common in the literature, but the ter- 
minology varies quite widely. I have stuck to that of [12]. 

The notion of a stratified set is due to Whitney [42] and Thom [37]. My 
version of Whitney’s regular incidence conditions is taken from [38]. 

The first time Thom’s isotopy theorem was stated, along with a sketched 
proof, was in [37]. A detailed proof was presented in the Séminaire Thom— 
Malgrange on differential geometry (I.H.E.S., Bures-sur-Yvette, 1964— 
1965), and a write-up is in preparation. In fact, to prove this theorem, 
Thom uses a slightly different definition of regular incidence from Whit- 
ney’s, which essentially consists of a “patching” property (the existence of 
functions which “patch together” to form the boundaries of the strata). 
It seems, however, that this patching property is a consequence of Whit- 
ney’s conditions A and B (Thom has recently announced this in a letter 
to D. Fotiadi). 

There are two remarks to make about the statement of the theorem. 
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VI. 


VII. 


Sources 


1° Thom takes the segment [0,1] as his base space T, but it is easy to 
generalize to the case of a q-dimensional cube (by induction on g: cf. [12]), 
which gives local triviality over any manifold of dimension q. 

2° A literal reading of the statement of Thom’s theorem in [37] might lead 
one to think that the surjectivity of the map 7 restricted to each stratum 
should be added to the assumptions. In reality, it can be deduced from 
the other hypotheses (namely, that 7 is proper of rank (a|A) = dimT, 
and that the strata satisfy the regular incidence property). 

For singularities of differentiable maps, cf. Whitney [41] and Thom [36]. 


. For the ramification of homology classes (the Picard-Lefschetz formula), 


cf. Lefschetz [19]. A more explicit proof is given in Fary [10]. These authors 
are only interested in the homology H,,(S) for a single submanifold S$ 
[which corresponds to formula (PL) of §§V.2.4, V.2.5]. 

The case of the homology group H;,(X — S) where S is a union of sub- 
manifolds in general position can be deduced from this by a generalized 
version of Poincaré duality: cf. Fotiadi, Froissart, Lascoux and Pham [12]. 
An independent treatment of this is given in my article [29]. 

This whole chapter is essentially copied from Leray’s article [20], except 
that I consider a union of submanifolds. This is an easy generalization, 
albeit a little fastidious. 

Cf. my article [29]. 

There are some generalities on fibre bundles, covering spaces, homotopy 
groups etc, spread over different chapters. For all these notions, cf. the 
Séminaire Henri Cartan [3] and the books of Steenrod [34] and Hilton [16], 
etc. 
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Part II 


Introduction to the study 
of singular integrals 
and hyperfunctions 


Introduction 


We shall consider a class of distributions that one meets in many problems, 
and in particular in mathematical physics. The study of these distributions 
raises many interesting geometric problems — namely, those related to the 
monodromy of singularities. 

Let us consider some examples in the one variable case. 

First, we recall the following well-known formulae which are used by physi- 
cists: 


=a = (=) LENE) 


a ae (=) 7 Cy" jn 1 (@), 


From these we obtain the following expressions for the distributions 
P (1/2"*1) and 6™(z): 


P (=r) = 5 {a i a} 


= -. nl at 1 : 
(a) = Fa(-I" eae- Gap 


In these formulae, 1/(x +i0)"*1 (resp. 1/(a + 70)"*") is the boundary 
value of the analytic function 1/z"*' as one approaches the real axis from 
above (resp. from below). 

Let us consider another example: the Heaviside distribution, which is de- 
fined by the function 


v@={) for « <0, 


1 forxz>0. 
In other words, the distribution can be written 


1 


2771 


(log(a — i0) — log(x + 10)), 
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where log(# +70) and log(a— 0) are boundary values of the analytic function 
log z on both sides of the real axis. 

More generally, every distribution can be written as a sum of boundary 
values of analytic functions. 

We will limit ourselves to studying a particular class of analytic functions 
which will give us a particular class of distributions. 


VIII 


Functions of a complex variable in the Nilsson 
class 


In the case of one variable, prototypes for the functions that we will constantly 
be using are: 


2", aeCc 
log? z, peEN. 
What is remarkable about these functions? 


1) They are multivalued analytic functions on C — {0}. 

2) They are functions of finite determination, i.e., the branches of each func- 
tion span a vector space V (over C) of finite dimension jy. In fact, by 
analytic continuation along a loop which winds once around the origin in 
the positive direction, the branches of these functions become: 


2% i eft ay (and thus p= 1) 


log? z +> (log z + 271)? 


which can be written as a linear combination of the functions 1, log z, 
log? z,..., log? z, where w = p+ 1. 


1 Functions in the Nilsson class 


More generally, one can define the notion of a function of finite determination 
on a complex analytic manifold as follows: 


1.1 Definition. Let X be a complex analytic manifold, and let f be a multi- 
valued analytic function on X (i.e., a holomorphic function on a covering X 
of X; note that X is not necessarily simply-connected). We say that f is of 
finite determination on X if its set of branches at every point of X (or rather, 
on every simply connected open subset of X) spans a finite-dimensional vector 
space over C. These vector spaces form a locally constant sheaf VY of finite- 
dimensional vector spaces on X which we will call the sheaf of determinations 
of f. 
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Let f be a multivalued function of finite determination on X, and let VY 
be the sheaf of determinations of f. The analytic continuation of a branch 
g € %. along a loop starting at xo will in general give a different determi- 
nation g’ € ¥%,,. In this way, we obtain an invertible linear map from %,, to 
itself which only depends on the homotopy class of the loop. In other words, if 
m1(X, 29) denotes the fundamental group of homotopy classes, then we have 
a group homomorphism: 7(X,20) — GL(%,), which we shall call the mon- 
odromy of f (or of VW). Every transformation 7 € GL(%,,) in the image of 
this homomorphism is called a monodromy transformation. The matrix of this 
transformation, in a fixed basis of %,,, is called a monodromy matriz. 

Recall that in the case X = C — {0}, or X = D* (the punctured disk), 
m™(X, 20) x Zis spanned by the homotopy class of a loop w at x which winds 
once around the origin in the positive direction. The monodromy transforma- 
tion of f corresponding to w is again called the monodromy transformation 
of f and its matrix in a basis of %, is called the monodromy matrix of f. 


1.2 Definition. Let f be a multivalued analytic function of finite determina- 
tion on the punctured disk D*. We say that f has moderate growth near the 
origin if every branch of f in an angular sector has an upper bound of the 
form 


where C and a are real constants, and C > 0. 

Note that C may depend on the branch of f. (For example, the function 
f = logz does not have an upper bound of the form given above with the 
same constant C’ for all branches.) 


Example. The functions z%, log? z considered earlier have moderate growth 
near the origin. 


1.3 Theorem. Let D = {z € C;|z| < 1}, and D* = {z € C;0 < |z2| < 1}. 
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Let f be a multivalued analytic function on D*. Then f is of finite de- 
termination (resp. of finite determination and of moderate growth near the 
origin) if and only if f can be written in the form 


(1.4) F(z) = >) 2 Pi(logz), 


ict 


where I is a finite set of indices, a; € C, and P;(w) is a polynomial in w 
with coefficients in O(D*) (resp. in @(D)) (here we use the notation G(X) to 
denote the set of holomorphic functions on a complex analytic manifold X ). 


Proof. Observe first of all that by taking a Laurent (resp. Taylor) expansion 
of the coefficients, we find that f is of the form (1.4) if and only if it can be 
written in the form 


(1.5) f(2ij= S- a Ck Zt log? z 


keZ jeJ 


where J is a finite set of indices, a; € C, pj € N, and cj, € C (resp. f can be 
written in the form (1.5) with the index & running over N). 

In this form, the condition is clearly sufficient. To prove that the condition 
is necessary, we first consider the case wy = 1. The proof in the general case is 
based on the same idea. 

Therefore, let us assume that the vector space of determinations of f in 
D-—R- is spanned by a single generator fo. In the basis { fo}, the monodromy 
transformation is defined by fo > cfo, where c € C. Therefore, there exists 
an a € C such that c = e?7", 


D-R- 


By analytic continuation along a loop which defines the monodromy, the 
function z* becomes e?7’%z%, and as a result, the function fgz~° remains 
invariant after this analytic continuation. In other words, foz~% is a single- 
valued analytic function on D. This gives f = yz%, where y € @(D*), which 
is indeed of the form (1.4). 

Suppose, furthermore, that f has moderate growth. Then z~°f is a single- 
valued analytic function on D and is bounded above by a power of z, and 
is therefore meromorphic, by a theorem due to Liouville. In other words, 
f(z) = 2°-"g(z) with n € Z and g € O(D). 

Now let us consider the general case. Let b = (b;,...,0,,) be a system of 
multivalued analytic functions on D* which form a basis of the vector space 
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spanned by the branches of f on D — R™ (or, rather, a basis of the vector 
space of determinations Vs, on a covering D* of D*). Let 7 (resp. .@) be the 
monodromy transformation (resp. the monodromy matrix in the basis b) which 
corresponds to a generator w of 71(D*,x%9). Then we have a commutative 
diagram: 


CH b Win 


In other words, w(b) = 7 0b =bo.@, where w(b) = (w(b1),..., w(b,)) is the 
analytic continuation of b along the loop w. 

Since -@ is invertible, there exists a complex matrix A such that W@ = 
e27’A_ Let us consider the matrix-valued function z > z“ = e4!°87, By doing 
an analytic continuation of the coefficients of this matrix along the loop w, 
we obtain 


Ww (2) = eA (log 2+27%) = as M. 
Now consider the automorphism z~“ of the sheaf @ 5 . and the homomor- 
phism 3 from the sheaf On. to the sheaf @5. defined by 


U 
B(911+++19u) = > gadis (915+++19u) € OF. 
i=1 


Let us set y = Boz“. Then we observe that the restriction of 7 to 6}. gives 
a homomorphism of sheaves: 6’. — @p«. To see this, let g = (g1,---,9u) € 
G'5.. We have: 


w(7(9)) = w(B) ow (2~) (w(9)) 
= Boom oz) 


= Boz *(g) = (9). 


This shows that 7(g) is a single-valued function on D*, ie., y(g) € @p-. 
In particular, the functions g; = y(e;) are single-valued, where {e;} is the 
canonical basis of C“. Here, C” is embedded in @p« in a natural way. Now we 
obtain condition (1.4) by writing out the formula V5, = B(C“) = yo z4(C#) 
explicitly. 
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One can put A into Jordan canonical form by choosing another basis of C”: 


: 
d oa 
1 0 
ee ee 
A= ae 
3 © 
0 | ; 
me j 
We set 
Xr 
0 
Ar 
S= 
m 
0 vee 
bb 
and z . - 
01 | 
i 
1 0 
So ee 
N= fe 
sas ee 
‘9 O 
0 
a 1 
| 0 


Then A = S+N, where N is a nilpotent matrix, i.e., N” = 0 for some m €N, 
and N commutes with S. We therefore have 


m-1y, m—1 
eS Pager =F (1+ Nog: bebe ( = “). 
m— . 
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It is clear that the coefficients of z“, and as a result, the components of 
every vector z“(v), v € C¥, are of the form 


(z4(v)), = 2% Q,(log z), 


where a; is an eigenvalue of A, and Q; is a polynomial with constant coeffi- 
cients. 
Finally, we obtain: 


yoz'(u) = D7 gi(z)z™ Qi(log z), 


which is indeed of the form (1.4), where the g; € @(D*) are the components 
of y defined earlier. 

It now remains to consider the case where f has moderate growth near the 
origin. Then the functions b; also have moderate growth. Since the coefficients 
of z~“ obviously have moderate growth, it follows that the components g; of 
y = Boz“ have moderate growth near the origin. In other words, the g; are 
meromorphic functions. Then we can assume that they are holomorphic at 0 
by subtracting positive integers from a,. 


Remark. Let U be an open set of C, and let Y be a subset of isolated points 
of U. In an analogous way, one can define the notion of a multivalued ana- 
lytic function on U — Y of finite determination and moderate growth near Y. 
Such a function is called a function in the Nilsson class on U. (Fuchs had al- 
ready studied these functions, but Nilsson generalized this notion to complex 
analytic manifolds.) 


2 Differential equations with regular singular points 


Let U be an open connected subset of C. Consider the equation 


—1 


dt 
(2.1) Sah tal) Salto tan(af =0. 


gzghol 

(i) If all the a; are holomorphic on U, it is well known that the set of local 
solutions of (2.1) forms a locally constant sheaf of vector spaces of dimen- 
sion J. 

(ii) On the other hand, if the a; are meromorphic on U, a theorem of Fuchs 
states that a necessary and sufficient condition for all the solutions of (2.1) to 
be functions having moderate growth in the neighbourhood of a pole of the 
aj;, is that this pole is a regular singular point of (2.1), i.e., the order of the 
pole of a; is at most 7. 

Conversely, we have the following: 
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2.2 Proposition. Let U be a connected open subset of C. 

(i) If V C Gy is a locally constant sheaf of vector spaces of dimension 1, 
then there exists one and only one differential equation of the form (2.1), 
where the a; are meromorphic on U, such that V coincides with the sheaf of 
local solutions of (2.1) outside the poles of aj. 

(i) If V C @y«, where U* = U—Y and Y is a set of isolated points 
of U, and if, furthermore, all the sections of V have moderate growth in a 
neighbourhood of the points in Y, then V is the sheaf of solutions of one and 
only one equation of the form (2.1) with a; meromorphic on U, and the points 
in Y are regular singular points of (2.1). 


Remarks. 


1) The poles of a; in (i) correspond to the zeros of sections of Y. The 
following example shows that such poles do exist in general: 

Let f be a function which is holomorphic on a simply connected open 
subset U of C, such that f has a zero of order k at zo: 


f(z) = (z—2)*ulz), ulzo) £0. 
Then f is a solution of the first order differential equation: 


df _ . a k u'(z) 
qe + Ula) F(z) = 9, with a, = ee 


We see that a, does indeed have a pole at zo. 


2) In (ii), the “moderate growth” hypothesis is indispensable for the poles 
of a; outside Y (which will exist in general by remark 1) not to accumulate 
at points of Y (without which the a; would not be meromorphic on U). 


Proof of proposition 2.2. The uniqueness is obvious by the remarks which 
precede the proposition. Now let us prove the existence of the differential 
equation of the form (2.1) which corresponds to the sheaf V. 


(i) Let (b1,...,6,) be a basis of Y on a covering U of U, and let 
W(b1,...,6,) be the Wronskian of the 6;, in other words, 


by by, 
bi, U, 


W (b1,..., bz) = Det 
- -1 
ped) pied) 


Since the b; are linearly independent, W(b,...,,,) is not identically zero 
on U. On the other hand, if f is an arbitrary section of Y, then f depends lin- 
early on b;,...,6,, and therefore the Wronskian W(f, 1,..., b,,) is identically 
zero on U. In other words, f is a solution of the equation 


W(f,b1,.--, bp) 


=0 
W(bi,.-.50n) 
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which is indeed of the form (2.1). The coefficients a; of this equation are 
single-valued functions on U. 


by... Dy 
Ee aes 
pe). py 


is multiplied by a matrix with constant coefficients .W (the monodromy ma- 
trix corresponding to [w]), and so the minors of order yu of this matrix are 
multiplied by Det .@. It follows that the a;, which are nothing other than the 
quotients of these minors, are invariant with respect to 7(U, 2p), i.e., they 
are single-valued functions on U. The possible poles of the a; come from the 
zeros of W(b1,...,6,). 


(ii) Now suppose that the b; have moderate growth near Y. Then the 
derivatives of b; are also of moderate growth near Y (this is an immediate 
consequence of expression (1.5) in theorem 1.3), and so W(z) = W(by,..., by) 
is a function of moderate growth. From what we have just said, if w is a small 
loop which winds around an isolated point z) € Y, then W(z) is multiplied, 
under the action of [w], by the determinant of the monodromy matrix defined 
by w. This shows, as usual, that in a neighbourhood of zo), we can write 
W(z) = (z — 20)°u(z), where a € C and u is a holomorphic function of zo 
such that u(zo) 4 0. Now it is clear that the zeros of W(z), and as a result, 
the poles of the a;, do not accumulate at zo. 


IX 


Functions in the Nilsson class on a complex 
analytic manifold 


1 Definition of functions in the Nilsson class 


The definition given in chapter VIII, in the case of a single variable, can be 
generalized as follows. 


1.1 Definition. Let X be a complex analytic manifold. We say that f is 
in the Nilsson class on X, and we write f € Nils(X), if f is a multivalued 
analytic function of finite determination on X — Y, where Y is a complex 
analytic hypersurface in X, and has moderate growth along Y. 


To understand this “definition”, one needs to know what “moderate 
growth” means. The difficulty here is to generalize the notion of “angular 
sector”, which we used to define moderate growth in the case of a single vari- 
able. The first naive generalization of an angular sector on a simply connected 
open subset of X — Y which is relatively compact in X, turns out to be inad- 
equate, even in the case of one variable. In fact, there are simply connected, 
relatively compact strips in C which “spiral” around the origin in such a way 
that the functions with moderate growth near the origin in the usual sense 
(for example, the function log z) are not bounded above by any power of z in 
these strips. 


The definition that we give below is due to P. Deligne (“Equations 
différentielles 4 points singuliers réguliers”, Chapter IT, §2). 
F. Pham, Singularities of integrals, 157 


Universitext, DOI 10.1007/978-0-85729-603-0_9, 
© Springer-Verlag London Limited 2011 


158 IX Functions in the Nilsson class on a complex analytic manifold 
1.2 Definition. Let X* = X — Y, as previously. 


(i) A single-valued function f, defined on any subset P* of X*, is said to 
have moderate growth along Y if, for every sufficiently small open subset U 
of X such that Y NU is defined by an equation of the form g(x) = 0, where g 
is an analytic function on U, there exist two real numbers N and C, C' > 0, 
such that 


C 
(1.3) | f(x)| < ——~] on P*NU. 
\g(x)|% 

(ii) Now let f be a multivalued analytic function on X. Then we say that f 
has moderate growth along Y if every branch of f has moderate growth along Y 
in the sense of (i) on every simply connected subset of the form P* = P—Y, 
where P is a compact semi-analytic subset of X. 


Remarks. 1) To prove that a single-valued analytic function has moderate 
growth on the set P*, it suffices to check condition (1.3) on the open sets U; 
of an arbitrary but fixed open covering of P*. Furthermore, for each Uj, it 
suffices to check it for a single defining equation g;(x) = 0 in Y NU; since, 
by Hilbert’s Nullstellensatz, given two such functions g; and gj, there exists 
m’ € N (resp. m € N) and an analytic function a’(a) (resp. a(x)) on U; such 
that we have gi” (x) = a'(x)gi(a) (resp. gf’ (x) = a(a)gi(x)). Therefore, an 
upper bound by a power of g; still gives an upper bound by a power of gf, 
and vice versa. 


2) In the second part of definition 1.2, it suffices to check that each branch 
of f has moderate growth on P* = P—Y where P runs over the simplices 
of a fixed semi-analytic triangulation of X. In fact, by a theorem due to 
Lojasiewicz, each member of a locally finite family of semi-analytic subsets 
of X is contained in the union of a finite number of simplices in such a tri- 
angulation. Let us consider, for example, the case X = D, Y = {0}. By 
triangulating X with a finite number of analytic sectors, we retrieve the no- 
tion of functions of moderate growth near the origin previously defined in the 
case of one variable. 


3) Now suppose that X* can be embedded in another complex analytic 
manifold X’ such that X* = X'— Y’, where Y’ is a hypersurface of X’, and 
suppose furthermore that there exists a proper analytic map from X’ to X 
such that the image of Y’ is Y. We therefore have two notions of functions 
having moderate growth on X*: one along Y in X, and the other along Y’ 
in X’. In fact, these two notions coincide. Let us try to see this by applying 
definition 1.2. 

Since the image (resp. the inverse image) of a triangulation of X’ (resp. 
of X) under a proper map is still a triangulation of X (resp. of X’), it would 
suffice to prove that the image of a semi-analytic set is still semi-analytic — 
but this is false, alas! Fortunately, Hironaka has introduced the notion of sub- 
analytic set which generalizes the notion of a semi-analytic set, and for which 
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everything we have said here remains true (including Lojasiewicz’s theorem) 
with the added bonus that the image of a sub-analytic set under a proper 
analytic map is still sub-analytic. By an analogous argument to 2), we see 
that our definition of moderate growth remains unchanged if we replace the 
words “semi-analytic” by “sub-analytic”, and this enables us to overcome the 
difficulty above. 


4) By the above, we can apply Hironaka’s resolution of singularities theo- 
rem to reduce to the case where Y is a normal crossing divisor in X, i.e., for 
every Xo € X, there exists an open neighbourhood U of xp and a system of 
local coordinates 21,...,2Zm on U such that UN Y = {z €U; 2--+ 2m = Of. 


2 A local study of functions in the Nilsson class 


By remark 4) above, we are reduced to a local study of functions in the 
Nilsson class in the case where X = D” and Y = {z € D”; z1--++Zm = O}. 
We therefore have 


RP SDP RDO SA Bie ey) CC =e) 1 eae Sm 
|zj]<1, m+1<i<n}. 


Let f be a multivalued analytic function on X*, and let Vz, be the vector 
space spanned by the branches of f, considered as functions on a covering 
of X*. Let b = (b1,..., bu) be a basis of Vg.. which serves to identify Ve, with 
C¥. We will repeat the argument which we used in the case of one variable. The 
only difference is that the fundamental group of X is now spanned by m loops 
W1,-.-, Wm around the origin in the first m coordinate planes, respectively. 
We still have [w;](b) = T; 0b = boM;, where T; (resp. M;) is the monodromy 
transformation (resp. matrix) corresponding to [w;]. 

Since the loops w1,...,Wm are pairwise commutative (7(D*™) ~ Z™), 
the same is true for the matrices M;. Therefore, there exist pairwise com- 
muting matrices A; such that M; = e?7"“:. Let us consider the matrix-valued 
multivalued function z4i = e4:!°&*, By doing an analytic continuation along 
w; (1 <j <m), we obtain: 


A; . . . 
. z°M, ifj=i 
[w;] (-) = Ai ionnas 


On the other hand, it is clear that each matrix z; Ai defines an automorphism 
of the sheaf @&,. We therefore have a homomorphism 7 from the sheaf 0%, 


to the sheaf Oz. by setting y = Bo z~41 0---02z,,4™, where § is the homo- 


morphism from the sheaf O*. to Gz. defined by B(91,---,9u) = op midi. 
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By applying y to a p-plet of single-valued analytic functions on X*, and 
by doing analytic continuations along each w;, we have 


-A Ay, 
fe] (9 (Gis +5 9u)) = ws (B) wi (2742) +24 (Zin) (Ons +++ 9p) 
= OMiM; tz "3 ++ 28” (g1,--- 94) 
_—A as 
= Bz ep 2 (1, tee Gy) 
=7(91,---+9n)- 
Therefore, y defines a homomorphism: G4, — Ox». 
In particular, the image g; of the constant section e;, where e; is the i-th 
vector in the canonical basis of C”, is a single-valued analytic function on X*. 


On the other hand, we can see by successively putting the matrices 
Am,Am_1;--. into Jordan canonical form, that each component of the vector 


zpl-++zAm(v), v € C4, can be written in the form 
1 i,k Om,i,k 
ay “5 Sm Qin (log Z1yeee , log Zm)s 
k 
where Q1,;,4,---,Qm,i,z are eigenvalues of Aj,...,Am, respectively, and the Q 


are polynomials in m variables with constant coefficients. 
Putting these expressions into the relation 


Vigo = B(CH) = yo zp ++ zm" (C¥), 


we finally obtain 
(2.1) yout... zAm(y) = S- Gi > a, ge": (lop 21... log em) « 


In the case where f has moderate growth, i.e., all the b; have moderate 
growth, each 7(v), v € C still has moderate growth because the z;“* do. In 
particular, the g; have moderate growth, and we can assume that they are 
holomorphic on X by subtracting positive integers from the exponents a;,;,x 
if necessary. We therefore have: 


2.2 Lemma. A multivalued analytic function on X* has finite determination 
if and only if it can be written in the form (2.1), where the g; are holomorphic 
functions on X*. 

Furthermore, f has moderate growth if and only if the functions g; in this 
expression can be taken to be holomorphic on X. 


Remark. One can also refine lemma 2.2 a little to obtain the “uniqueness” 
of the expansion (2.1). In fact, by writing the terms of Q;,, explicitly, one can 
expand a multivalued analytic function of finite determination on X* in the 
form 


(2.3) f~= S- Ja,p(Z) 2p? ++ zm log? 21 -+-log?™ zm, 
(a,p) 
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where ga,» € @(X*), and the summation is extended to a finite subset of 
4x TZ*™, where & is a fixed family of representatives of C™/Z™. If, fur- 
thermore, f has moderate growth, the gq,, can be chosen to be meromorphic 
on X. 


In this form, let us show that the expansion (2.3) is unique. In particular, 
we will deduce from this that, if a function with moderate growth has an 
expansion of the form (2.3) with ga, € @(X*), then the ga» are indeed 
meromorphic functions on X. 

To prove the uniqueness, we do an induction on m. It is enough to consider 
only the case m = 1 and to prove that the sum E of the C-vector spaces 
Eup = {9(z)z* log? z; g € O(X*)}, pE Zt, aE Z, where & is a fixed family 
of representatives C/Z, is in fact a direct sum. 

We set 

Ea= >> Eup, “€&. 


pEeZzt 


Then every E,, is contained in the subspace F) consisting of the generalized 
eigenvectors for the monodromy transformation w in EF corresponding to the 
eigenvalue \ = e?7'*, i.e., the subspace of vectors v € E which are annihilated 
by a power of (w— 2-1). 

On the other hand, 


E= > Ea Poe 


acB 


We must therefore have >> ) fy = E, and the inclusion Ey C Fy cannot be 
strict. But then the sum E = 5°, E, is direct. Therefore, it suffices to prove 
that the sum Ey = pert Eq is direct. By dividing the terms Ey and Eup 
by z° if necessary, we reduce to showing that the sum Ep = ypezt Eo,p is 
direct. 

Suppose on the contrary that there exists a finite linear relation of the 
form: 


Yale )log?z =0, gp #0. 


Then we have 


O=(w—A-1)* 1 (Seat ) log? -) = kl(2mi)* g,(z), 


which contradicts the fact that g.(z) 4 0. 


2.4 Proposition. Let f be a multivalued analytic function of finite determi- 
nation on X* = X —Y, where Y is a complex hypersurface in X. Then f has 
moderate growth along Y if and only if, for every analytic map 1: D— X 
such that (0) € Y and \(D*) NY = @, for has moderate growth near the 
origin (in D*). 
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Proof. First of all, the condition A(D*)NY = @ implies that fo. is effectively 

of finite determination on D*. As always, we can assume that Y is a normal 

crossings divisor, and we are reduced to the case X* = D*™ x D"—~™. Then 

the condition is obviously necessary. Let us now prove that it is sufficient. 
By lemma 2.2 and the remark which follows it, we have 


(2.5) f(z) = S© gap(2)2f? +++ 22" log?! 21 -- log?” zn, 
(a,p) 


where (a, p) runs over a finite subset of Z x Zt™, and gap € O(X*). 

Now we set z = (z1,..., 2m) = (21, 2"), where 2’ = (z,...,%m) € D*™-1x 
D"—™, For each a’ € D*™—! x D"—™, we do indeed have an analytic map 
Aq : D> X such that rq (0) € Y, and Aq (D*) NY = @ by simply defining 
Aa’ (t) = (t,a’), t € D. 

For each fixed value €,7 of a1, p: in the sum (2.5), we set 


ye,j(t, a’) =X saoltsa af 2... a%™ log? ag---log?™ am, 


where the sum > is extended to all indices a, p such that a, = €, pi = 7. 
Since fo Ag has moderate growth by hypothesis, each y¢,; is a meromor- 
phic function of t for fixed a’ by the remark after lemma 2.2. 
On the other hand, let gap(t,a’) = imo bi, »(a’)/t' be the Laurent 
expansion of gq, on D*, where bi, me O(D*™—| x D"™-™). Then we observe 
that there exists an integer k such ‘that for alli <k, 


| ee 
") = SFE p(@)ag? --- ati log?? ay + log?™ am = 0, 


Va! = pem-t x Dr-™, 
Suppose, in effect, that the contrary is true. Then the set 
{2 € D*™—! » D®-™; 3k such that ye 4 (2 \=0,Vi< k} 


is of measure zero, since it is a countable union of sets of measure zero. But 
this is absurd since for every fixed a’ in D*™—! x D?-™, (~¢,j is a meromorphic 
function of t. 

Since the indices p2,..., Pm in the sum yy are all distinct and the indices 
Q2,-.-,Qm are not congruent mod Z™—1, we conclude, by the remark following 
lemma 2.2, that 


Vick Veep xD’, ba )=0. 


In other words, z; = 0 is a polar singularity of gy )(z1, 2’) viewed as a function 
of (2, 2’). 

By subtracting integers from a; as above if necessary, we can always as- 
sume that the gq,, are holomorphic on the component {z; = 0} of the divi- 
sor Y. We then repeat the argument on the component {z2 = 0}, and so on 
in the same way. 


xX 


Analyticity of integrals depending on 
parameters 


1 Single-valued integrals 


Let 7: X — T be a smooth map of complex analytic manifolds, that is, such 
that the tangent map is surjective everywhere. By the implicit function theo- 
rem, we can choose a local coordinate system in the neighbourhood of every 
point of X such that 7 is defined by 7(21,...,2njt1,---, th) = (t1,---, tr). 

Intuitively, 71,...,2,, will be integration variables, and t,,...,t, will be 
parameters. The integrands will be relative differential forms of degree p, i.e., 
differential forms w on X such that, locally, 


w= 3 arla,t) dx, 


|I|=p 


where dx! = dz;, \-+-A da; for I = (%41,...,%p), and where gy is an analytic 
function on an open subset of X on which w is defined by the formula above. 
Let dx 7 denote the exterior differential for relative differential forms: 


dxjr : Q?(X/T) — 2°*1(X/T). 


In the sequel, we shall only integrate closed forms, i.e., those satisfying 
dx/;7w = 0. Note that forms of degree n are automatically closed. 

As a result, the integral of such a form over a cycle of dimension p will 
only depend on the homology class of the cycle. This is why we will view 
it as the integral of a closed relative differential form over a homology class 
h(t) E A(X), Xt = a *(t). 

We shall require that this class depends continuously on t, in the sense to 
be made precise in appendix A. 


1.1 Proposition. Let w € 2?(X/T) satisfying dx;rw = 0, and let h(t) € 
H,(X;) depend continuously on t. Then f(t) = Since) w is a holomorphic func- 
tion on T. 
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Proof. By Hartogs’ theorem, we can reduce to the case k = 1. Therefore 
we need to prove that Of /Ot = 0. The difficulty in calculating the derivative 
Of /Ot comes from the fact that not only the form being integrated, but also the 
integration cycle h(t), depends on t. We reduce to the case of an integral over 
a cycle which is independent of t by considering the composed homomorphism 
(“the Leray coboundary” ): 


a: 
Ot : Hy(X4) —> Hppo(X,X — Xt) — Apis (X — Xz), 


where 0; is the boundary homomorphism in homology, and the isomorphism 
on the left is the one explained in appendix A. 

Explicitly, if h(t) is the class of a cycle }> c;s;, then 6,h(t) is the class of 
a cycle S>c;(S2 @ s;), where S$! is a small circle of radius ¢ which winds once 
around t in T in the positive direction. Observe that if t moves in a sufficiently 
small neighbourhood of a point to, the cycle which represents the class 6;h(t) 
can thus be chosen to be independent of t. 


= 


Now, “Leray’s residue formula” allows us to rewrite our integral as an 


integral over 5,h(t): 
1 dt! \w 
f= f w=s ef Fae 
a(t) 2nt Js.nce) U —t 


which then enables us to differentiate under the integral, and gives Of /Ot = 0. 


Exercise. Prove Leray’s residue formula by letting ¢ tend to zero in the cycle 
S> ci(S! ® s;) which was constructed above (the proof is similar to the proof 
of Cauchy’s residue formula in the case of a single variable). 


2 Multivalued integrals 


In practice, it is often difficult to apply proposition 1.1 directly, because the 
integral f(t) is only given in the neighbourhood of a point to € To. In other 
words, we are not given a section of H,(X/T), but only a local section. The 
problem is therefore to know how to continue this germ to give a global section 
on T, or perhaps on a slightly smaller subset T*. 

A situation which one often encounters in practice is the following: 
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Let 7: X — T be a proper map of complex analytic manifolds, and let w 
be aclosed relative differential form on X* = X—Y, where Y is a hypersurface 
on X (we can assume that 2|X* is smooth but this is not very important). 

The reason why we are interested in this situation is because of: 


2.1 Lemma. There exists a hypersurface ’ C T such that nm: Xp. = 
nan \(T*) — T* =T —S is a locally trivial © fibration. 


As a consequence of lemma 2.1, each H,(X7./T*) is a locally constant 
sheaf. It follows that every local section of this sheaf extends to give a multival- 
ued global section. We therefore see by applying proposition 1.1 to a covering 
T* of T*, that f(t) is multivalued and analytic on T*. 

More generally, we could equally have assumed that w is multivalued on 
X*, ie, w € 2?(X*/T) and dx. pv = 0, where X™ is a covering of X*. 

The map << — T* is thus also a locally trivial @© fibration (since a 
covering of a locally trivial fibration is a locally trivial fibration). For the 
integral to make sense, we can take h to be a multivalued section (on T™) 
of the locally constant sheaf ape /T*). An analogous argument to the 
previous one shows that under these hypotheses we have the: 


2.2 Proposition. f(t) = fact) w is a multivalued analytic function on T*. 


Outline of the proof of lemma 2.1. As we are only interested in X*, we can 
assume as usual that Y is a normal crossing divisor, i.e, Y = Y; U---UY,, 
where the Y; are hypersurfaces without singularities, in general position. 
We can moreover choose a system of local coordinates such that the hy- 
persurfaces Y; are coordinate hypersurfaces. Then, for each I Cc {1,...,k}, 
Y’ = Uje, Yi is a submanifold of codimension |J|. Observe that Y? = X. 
Let S; = {a € Y!;Tx(a|Y“) is not surjective} and let S = U, S;. Then 
+) = 7(S) is an analytic subset of T since 7 is proper, and on the other hand 
a(S) # T by Sard’s lemma. We can therefore show that 1 is the hypersurface 
which satisfies the conclusion of lemma 2.1. 

With this choice of 4’, we are in effect reduced to proving the following: 
let 7 : X — T be a proper map of real manifolds, and let Y = Y, U-:-UY, 
be a divisor of smooth hypersurfaces in X with normal crossings such that 
m|X —Y is smooth, and such that for each J c {1,...,k}, 7|Y’ : Y! > T has 
maximal rank. Then there is a diffeomorphism y : X — Xo x T, where Xo is 
a real analytic manifold, such that the following diagram commutes: 


Xo xT 
<a Jo projection 


and furthermore, y(Y) = Yo x T, where Yo C Xo (or, in other words, the pair 
(X,Y) is locally trivial on T). 


166 X Analyticity of integrals depending on parameters 


We will only give a proof of this fact in the case where dim T = 1. 

Therefore, let {U;} be a locally finite covering of X with local charts. By 
hypothesis, we can construct a vector field v; on each U; such that the vector 
v; at each point of Y/ is a tangent vector of Y’, and such that its projection 
onto T under dz is the unit vector field on T. Let {y;} be a partition of 
unity subordinate to the covering {U;}, and let v = S> y;v;. The sought-after 
diffeomorphism ¢ is then given by integrating this vector field. 


2 @ 


7 vn 


2.3 Proposition. If, in proposition 2.2, w is of finite determination, then 
f(t) is also of finite determination. 


Proof. Let V be the locally constant sheaf of finite-dimensional vector spaces 
on X* spanned by the branches of w. Let Vx» be the restriction of V to Xf, 
and let Wz. be the inverse image of Y under the (not necessarily connected) 
t 
covering X; — X; (which is induced by the covering X* — X*). 
Then Vx» and Vz, are locally constant sheaves, and we have the following 
t 
commutative diagram: 
Vz: = Vee T 
i oo 
Xf — Xf xX* 

Recall that for all « € X*, the fibre %, of VY over the point x is nothing 
other than the vector space over C spanned by wz, the value of the form w 
at the point x, where z runs over the set of all points of X* above x. Thus 
for every % € X;*, W(£) = wz is indeed an element in the fibre of Wz, over &. 

t 
In other words, % — @(%) is a privileged section of Wz. determined by w. 
Using this privileged section, we obtain a homomorphism from the constant 
sheaf to the sheaf Vz., simply defined by ¢ — cw, which in turn induces a 
t 
homomorphism of the homology sheaves H,(X/',C) > H,(X#, Vz.) on T*. 
t 

On the other hand, the covering X/ — X; also induces a homomorphism 
of sheaves H,(X7, Vz) — Hy(X7, V¥xx) (see appendix B). 

The composition of these two homomorphism gives a homomorphism of 
sheaves H,(X/,C) — H,(X},¥%x«) and proposition 2.3 is simply a conse- 
quence of proposition 2.4 below. 
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2.4 Proposition. Let 7: X — T, and let X*,T* be as in proposition 2.3. 
Let V be a locally constant subsheaf of 2Q?(X*/T*) of finite-dimensional vec- 
tor spaces. Let hy be a multivalued section on T* of the pias ee of X* 
over T* in dimension p, with coefficients in V. Then f(t) = Sry lt is a mul- 
tivalued analytic function of finite determination on T™. 


Proof. For each t € T*, suppose that hy(t) is defined by the cycle >> a;s;, 
where s; : A, — Xf is a singular simplex of X;, and a, is a section of the 
sheaf s;'(V) on A, (the inverse sheaf of the sheaf Y under the map s5;). 


Then, by definition 
hy (t) F Si 


The proof of proposition 2.4 is now immediate because the compact man- 
ifold X} (7 is proper) has a finite triangulation, and the inverse sheaves (or 
rather the vector spaces) s; '(Y) are finite-dimensional. 


Now we are ready to state Nilsson’s theorem, whose proof will be sketched 
in the following chapter. 


Nilsson’s theorem. If, in addition to the hypotheses of proposition 2.3, w 
has moderate growth along Y, 1.e., the local coefficients of w are of moderate 
growth, then f(t) has moderate growth along »’. 


3 An example 


Consider the integral fa(t) = = Jace (2 — t)%dz, a € C, where h(t) is the 
homology class of the cycle acted as ee 


ae ed 


(h(t) is represented by the oriented solid and dashed lines). 

Here we have T = C, X = Cx T, and 7 is the canonical projection from X 
onto T. Strictly speaking, X should really be the product of the Riemann 
sphere with T for 7 to be proper, but we gain nothing by considering the 
point at infinity, and we omit it here. 


n 


Y = {(z,t) € X; 27 -t=0} 
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already has no singularities, and the only point of Y where z|Y is not a 
submersion is (0,0). We thus have © = 7{(0,0)} = {0}. Therefore T* = 
C — {0}, and 


X* = {(z,t) €C*; 22? -t 40} 
w = (2? — t)%dz. 
Proposition 2.2 says that fq is a multivalued analytic function on T, which 
immediately follows from the explicit formula 
—in3/2 poti/2 


Fatt) = T'(—a) F(a + 3/2) 


Nevertheless, if we do not wish to calculate this integral directly, then 
studying its monodromy already gives its properties. Therefore consider the 
complex plane with the two cuts indicated by the diagram: 


Vi 07 


~< 


When t winds once around the origin in the positive direction, /t becomes 
—vt, and so h(t) becomes —h(t). On the other hand, by considering the change 
in the value of each branch of (z?—t)® at z = 0, we see that it is multiplied by 
e27'¢, Thus every branch of f(t) is multiplied by —e?™* = e?7(¢+!/2), This 
proves that f is a multivalued function, even in the case where a is a negative 
integer (in this case, (z? — t)® is single-valued with polar singularities), and 
explains the presence of the power t°+!/? in the explicit formula. 

In order to illustrate proposition 2.3, we must consider homology groups 
with values in local systems of coefficients (i.e., taking values in a locally con- 
stant sheaf of vector spaces). Let Xj; be the Riemann surface of the function 
(z? — t)®. Since the sections of V x; im the cut plane form a vector space of 
dimension 1, we can identify them with the complex numbers. Next, let us 
consider the chain 1 - yo — e~?7"y, in Ci(X}, Vx;"), where yo and 7 are the 
singular simplices in X/ indicated in the following diagram: 


This chain is in fact a cycle, since 


fa) (i “9 — e2mta 11) = bo =—Ge= e 27a (b; _ ay) 


= (bo _ eo 2Tta b1) _ (ao _ e 27a a) ; 
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Asa result, this cycle is nothing other than the image of the cycle h considered 
earlier under the composed homomorphism: 


Cy (XfP,Z) — C1(XP,C) — C1 (XT, Vz-) — C1(XP, %xz). 


We can also say that the homology class of this cycle in Hy(X/, Vx<) is 
represented by the cycle h(t). This is why we will still denote this homology 
class by h(t). We therefore have, by definition: 


io= I. (22 —t)" dz= Io 


Now consider the monodromy defined by a loop w which winds once around 
the origin in the positive direction 


Vt 4 aN Vt 


We have 


which gives 


[“] (yo(t) — e-77** 1 (t)) = —€?™** yo(t) + 1 (8), 


and thus ; 
[w] (h(t) = POF") A(t), 


and therefore 


[o] (fa(é)) = e047) F(t). 


We thus recover the change in f,(t) under the action of [w]. 


XI 


Sketch of a proof of Nilsson’s theorem 


Owing to the results of the preceding chapter, we are reduced to proving the 
theorem when dimT = 1, T = D, T* = D*. We can always assume that 
Y > m~1(0) (by adding a component to Y if necessary), and that Y is a 
normal crossing divisor (cf. the preceding chapter). 

With these conditions, it is easy to construct a real @° vector field € 
on X which is tangent to Y, and which is compatible with the projection 7 
and projects onto the vector field 


OQ _9O 
g=- (15475) § 


To see this, take a local coordinate system (z1,...,2n,) on X, where 7 is given 
by t = 21 +++ 24™ (m <n), and Y by: 


Y ={z521---% =0} (m<pK<n). 


Then we can take € to be the real analytic vector field 


We can then glue the various local vector fields obtained in this way using a 
@@~ partition of unity. 


Note. Here, as in several other places in the proof, vector fields are identified 
with derivations in the ring of functions on a manifold. 


By integrating this vector field, we obtain, over the integral curves of the 
vector field &€ 
t(r) =toe*, 


F. Pham, Singularities of integrals, 171 
Universitext, DOI 10.1007/978-0-85729-603-0_11, 
© Springer-Verlag London Limited 2011 


172 XI Sketch of a proof of Nilsson’s theorem 
a family of diffeomorphisms which are parametrized by 7 
Pr: Xto ae X47): 


Our integral can thus be written 


fer)) = f an? | of 


and the problem of showing that f has moderate growth reduces to finding 
an upper bound for f(t(7)) of the form 


If(t(7))| < Ce*, 


which is locally single-valued with respect to to as to travels around the unit 
circle. 

By specifying, for example, a Riemannian metric on X, one can speak of 
the “norm” || ||, of a differential form at a point z € X. Our problem reduces 
to bounding ||y*w||, above, exponentially in rt as tT — oo. The upper bound 
must be single-valued in z as ¢ travels along the support of a cycle in the class 
h(to), and single-valued in to as to travels along a finite arc of the unit circle. 

Now, since the vector field € is Lipschitz (because it is @° and has com- 
pact support), a classical inequality from the theory of differential equations 
allows us to state that the diffeomorphism vy, dilates distances by at most an 
exponential factor e*” (where is the Lipschitz constant of the vector field). 
The norm of the linear tangent map of y; at every point is therefore less than 
e*7, which enables us to write the norm of a differential form w of degree p 
as: 


llerwlle < e*"|lully, (2). 


The factor e?47 is indeed of the required type, and it only remains to bound 
\|w||..,(z) from above. 


Lemma 1. In the neighbourhood of a point where Y is given by a local equa- 
tion s, we have 

(i) If - Isl] < Als| 

(ii) |€- Arg s| <A 


where €- f is the derivative of f along €. 


This lemma is an immediate consequence of the fact that € is a Lipschitz 
vector field which is tangent to Y. Intuitively, it means that the integral curves 
of the vector field 


(i) approach Y with at most exponential speed, 
(ii) wind around Y with bounded angular speed. 
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Observe that nothing prevents the integral curves from spiralling 
around Y, which means that the moderate growth hypothesis for w cannot 
be used without doing some extra work. This extra work will consist of the 
following: we construct a finite semi-analytic triangulation (K,L) of the pair 
(X,Y), such that the star of each vertex of LZ in K is included in the domain 
of a local chart on which the bounds of lemma 1 are satisfied. Let AK — L 
denote the set of lifts of simplices of K — L in X* =X —Y. For every pair of 


simplices k, k’ of K—L£, let Azz: denote the gap between the two simplices k 
and k’, defined to be the minimal length of a chain of simplices joining k 


and k’, i.e., the length of a sequence of simplices of ome such that two 


consecutive simplices are adjacent. Let us fix a simplex ko in K — L. 


Lemma 2. There exist c > 0,a >1,p€N such that for all k € K—L, ||w||- 
is bounded in k by 
Akko 


“Tdist(z,Y)} 


where “dist” denotes the distance with respect to the chosen Riemannian met- 
ric. 


llwllz < 


Proof. In each simplex k € K — L, we choose a basis bx for the vector space 
of determinations of w on k. For every pair of contiguous simplices (k, k’), 
there is a change of basis matrix A; 4’. The lemma is proved by observing 
that every “basis branch” of w satisfies an upper bound on k: 


Ck 


Zz < —— 
llelle < Gist(e, YP 


(the moderate growth hypothesis for w), 


and by setting 


C= sup Cy, p= sup pe, a= sup |lAge’ll 
ke K—L ke K-L k,k/€K—L 


(recall that K — L is a finite triangulation). 


By lemma 2, and taking into account lemma 1(i) (which ensures that 
dist(z(r), Y) decreases at most exponentially in 7), we will obtain an upper 
bound of the desired type if we show that Aj(-),4, has at most linear growth 
in 7 (where we denote the simplex which contains the point z(T) = y-(z0) by 


k(r)). 


Lemma 38. There exist positive constants C and C’ such that along every 
integral curve z(T) of the vector field €, the function Axcr),k) satisfies the 
upper bound: 

Ak(r),ko <Cr4+C". 
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Proof. Let 7 : R — X be an integral curve of the vector field €. Let % 
(resp. -%o) be the set of vertices of the triangulation K (resp. L). For every 
s € .%, consider the open set j~!(st(s)) in R*, where st(s) denotes the open 
subset of X defined by the star of s. This gives a covering of R* by open 
intervals (to each s € there corresponds a certain number of disjoint 
open intervals whose union is j~1(st(s))). From this, we extract a covering 
consisting of maximal open intervals. Then it is not difficult to see that the 
covering obtained in this way is locally finite, and even better: the lengths 
of the intervals which make up the covering are bounded below by a fixed 
number 6/v, where v = sup || (= maximal speed of the trajectory) and 6 = 
the “minimal diameter” of a star. 

It remains to check that on each of these intervals, the variation Az,’ is 
bounded above by a fixed integer which is independent of the interval: 


1) This is obvious for s € #% — ZY, since the star of s is then a simply- 
connected open subset of kK —L, and each connected component of K — L|st(s) 
is isomorphic to st(s), so that the variation A;,, is bounded above by the 
number of simplices in the star; 


2) For s € , the upper bound follows from lemma 1(ii) and from the 
following easy lemma: 


Lemma 4. There exist constants C; and C2 > 0 such that the following upper 
bound is valid for every pair of simplices k,k' of K — L whose projections k, k' 
in K — L both contain the same vertex s of L in their closures: 


Arn < Ci (iArg Filey foot [Arg Zmla.e-} + C2, 


where 21 +++ Zm, is a local equation for Y (a normal crossing divisor) in the star 
of s, and | Arg z1|x,4", denotes the supremum of the variation in the argument 
of the complex number z; along a path joining k and k' whose projection 
remains in the star of s. 


XII 


Examples: how to analyze integrals with 
singular integrands 


Suppose that we are given a function f(t) defined by an integral. If the integral 
satisfies, for example, the conditions of Nilsson’s theorem, then we know that 
the function f(t) is in the Nilsson class. This means that if, for example, ¢ is a 
single variable, then in the neighbourhood of each singular point, f(t) has an 
expansion as a series of complex powers and logarithms of the type studied in 
chapter VIII. 

In concrete problems, we will often want to have more precise information 
about this expansion, and to know its singular part explicitly, for example. 

Some examples will help to suggest some general ideas on the manner in 
which one can obtain such information. 


1 First example 


Consider the integral 
(1.1) fa(t) = | u(a, t) (2? — a dx, 


where x = (2j,...,%n), 7 = oy, 2?, dx = dx, --- dam, a € C, and u(z,t) € 
M(R"*") (the set of analytic functions on R"*1). We suppose, furthermore, 
that u decreases sufficiently fast at infinity for the integral (1.1) to converge 
absolutely and uniformly with respect to t. Then, for t < 0, we have a function 
which is indeed analytic in t. 

Now the problem is to define an analytic continuation of f.(t) for com- 
plex t, and to study the singularity of f at the point t = 0. 

To do this, we can try to replace R” by a “cycle” of dimension n which 
does not meet the paraboloid defined by the singularity of the integrand: 


2 —t=0. 


In order to draw pictures in the case of several complex variables (n > 1), it 
is convenient to represent each point z = «+ 7y € C” by a pair given by the 
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point x € R” and the vector y based at x. In other words, C” is represented 
by the tangent bundle of R” and each subset of C” is represented by a subset 
of this bundle. 


Examples. 
1. The complex line az, + bz2 +c = 0 in C? with real coefficients a, b,c can 
be represented by the tangent bundle of the real line az; + br2 +c=0. 


2. The complex parabola 27 + z2 = 0 in C? can be represented by two 
opposite vector fields defined in the region of the real plane which lies outside 
the parabola «7 +22 = 0, such that the vectors become nearly parallel and of 
smaller and smaller length as one approaches the parabola. 


ge 
i 


3. In the case which interests us, we can represent the singular paraboloid 
z? — t = 0 by two opposite vector fields which are nearly parallel to the real 
paraboloid x? — t = 0, and having smaller and smaller length in a neighbour- 
hood of this paraboloid. 
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Intuitively, to obtain the new integration “cycle” by “displacing” R"*+ in 
C”+! in such a way as to avoid the complex paraboloid z? —t = 0, it therefore 
suffices to take a vector field which is transverse to the real paraboloid. 

More precisely, we have the 


1.2 Definitions. 


i) A complex displacement of R” in C” is a continuous map a : R” — C” 
such that pro o = Ign, where pr is the natural projection from C” to R”. 
In other words, a displacement is a map of the form x +— x+ia(x), where 
o@ is a continuous map from R” to R”. 

ii) An infinitesimal displacement of R” is a continuous vector field on R”, 
i.e., a map of the form: 


6:R” — TR” = R” OR” 
ur (x, 0(x)). 


iii) A one-parameter family of displacements is a continuous map 


&:R" x [0,¢9) — C” 


(a,€) > o-(4) = x + ia(a,€) 


such that, for all 2 € R”, we have o(2,0) = 0. 

iv) Suppose, furthermore, that the map a in iii) is differentiable with respect 
to e. Then the infinitesimal displacement associated to the family o is 
the displacement x +— (x,0(x)) where, for all « € R”, we set A(x) = 
da /Oe(x, €)|e=0- 


Example. Let 6 : « += (2,@(x)) be an infinitesimal displacement of R”. 
Then the family of displacements which are “linear in €” given by R” : (x,t) 
x + ic@(x), has 6 as its associated infinitesimal displacement. 


Note that, in R”, the following notions can be identified with each other: 
1) complex displacements, 2) infinitesimal displacements, 3) “linear” families 
of displacements. Note, however, that this identification is not intrinsic (i.e., 
it depends on changes of coordinates). 

Given the definitions above, our problem will be solved by: 


1.3 Proposition. Let Yg be a smooth hypersurface in R”, and let Y be its 
complexification. Let (a-) be a family of complex displacements of R” such 
that the corresponding infinitesimal displacement is transverse to Yr. Then 
for every compact set K C R”, we can find a number ex > 0 such that for all 
€>€K, 0-|K avoids Y completely. 


Proof. We will limit ourselves to giving only a general idea of the proof of this 
proposition. 

Note first of all that the notion of infinitesimal displacement corresponding 
to a family of complex displacements is intrinsic, which allows one to do a local 
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change of coordinates to reduce to the case where Y is a hyperplane. Suppose, 
for the sake of argument, that for a suitably chosen open set U CC", YNU 
coincides with the hyperplane {(21,...,2n) € U; 21 = 0}. Thus, to say that 
the corresponding infinitesimal displacement @ is transverse to Yr amounts to 
saying that the first component @,() of 0(a) is non-zero for x € Yp. In other 
words, d{a ,(x)}1/de|-ao # 0. 

Let K be an arbitrary compact subset of R” such that kK C U. Then we 
can find a number €x > 0 such that, for all x € K and all « < ex, we have 
x«+io,(x) € U and d{a,(x)}1/de £ 0. Then for every x € K, {0 -(x)}1 isa 
strictly monotonic function of ¢ € [0,¢x). Hence |{a (2) }i| > |{ao(x)}1| =0 
for0O<ée<eéx. 

Then, it is clear that o,|« completely avoids Y. Finally, since each compact 
subset of R” can be written as a finite union of compact sets each of which is 
contained in such an open set U, the proposition is proved. 


Let us apply this proposition to our problem. We are led to consider the 
following construction: 

1) We construct two infinitesimal displacements 0, and 6_ of R"*+ in 
C”+!, which are transverse to Yp and compatible with the projection onto 
Tr = R. 


— — e 


0 0 


Observe that the condition of being transversal to Yg at 0 implies that the 
projection of 0, (resp. 6_) onto Tp is a non-zero vector field at 0 with > 0 
component (resp. < 0). On the other hand, this vector field could be chosen 
to be zero on Tp — I, where J is an open interval containing 0. 


2) The two infinitesimal displacements 6, and 6_ can be considered as 
being associated to two families of displacements o, and o_ which respectively 
project onto two families v,, v_ of displacements of Tp. 
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We can assume that these two families 0; and vU_ sweep out a complex 
neighbourhood V of J (as in the figure), in which each point t with imaginary 
part > 0 (resp. < 0) belongs to one and only one displacement of the family 0+ 
(resp. U_). 


We can also assume that the two families of displacements o, and o_ 
are completely contained in the complex neighbourhood U of R”*! where 
the function u(z,t) is holomorphic. This enables us to associate to these two 
families of displacements two functions: 


f(t) = = u(z,t) (2? — t)° dzi \---\ dzn, 


which are analytic on the two connected components (Imt > 0) and (Imt < 0) 
of V — I, where ht(t) (resp. h~(t)) denotes the homology class, in U — Y;, of 
the cycle which is the image of the displacement of R” defined by ¢, (when 
Imt > 0) (resp. ¢_ (when Imt < 0)). Of course, these two analytic functions 
f(t) take boundary values which coincide on the negative real part of V, 
since for t real < 0 we obviously have h(t) = h~(t) = the homology class of 
the undisplaced R”. 

The functions f*(t) and f; (t) therefore define the required analytic con- 
tinuation of the integral (1) along V—(RTNV). The study of the discontinuity 
around the cut R* NV will enable us to continue this integral as a multivalued 
function on V — {0}, and to make the monodromy of this function explicit. 


Study of the monodromy 


In the preceding discussion, one must not forget that ht(t) and h~(t) should 
in fact be considered as homology classes with values in the local system of 
coefficients spanned by the branches of (z? — t)®. For ht(t) and h(t) to 
coincide for t real and < 0, it is obviously necessary that the branch chosen 
for h+ and h~ be the same on the whole half space {(z,t) € R"*1; t < 0}, and 
thus in fact on all the exterior of the paraboloid (the part with z?—t > 0). For t 
real and > 0, the difference h~ (t)—h* (t) will therefore be a homology class e(t) 
with support in a compact neighbourhood of the ball {x € R"; 27 —t < 0}. 
We can make this homology class e(t) explicit in the following way: 
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The cycles h*(t) viewed “in polar coordinates” 


Rt x s™-* —C" 
(p,6) > y¥E(p) -¢ 


where S”~! is the real oriented sphere, viewed as being embedded in C”, and 
7% are the displacements of Rt in C around the point +‘: 


Ye 


The cycle e(t) = h(t) — ht(t) viewed in polar coordinates 


[0,1] x s"-? —+ Cc” 
(0,6) > ex(p) -¢ 


where ¢; is the curve represented by the diagram: 


0 +e 


Warning: this curve should be considered as a chain with coefficients in the 
sheaf of determinations of (z? — t)®; one must therefore beware of the fact 
that the branch at the extremity of this curve differs from the branch at the 
origin by a factor of e?°"%. 

The monodromy can easily be deduced from this representation. In fact, 
as t travels along a circle around 0 in the positive direction (the loop w), +4 
and —y/t are interchanged after travelling along two opposite semicircles, and 
this forces the curve y;' to be pushed upwards until it becomes y;: we thus 
have [w]ht(t) = h~(t) (which was, in fact, a priori obvious). On the other 
hand, ¢; turns into the curve which is symmetric with respect to the origin, 
on the branch of (z? — t)* multiplied by e?***. Because of the fact that in 
polar coordinates, a reflection in the origin amounts to doing an antipodal 
symmetry of the sphere $”~', and because this multiplies its orientation by 
the factor (—1)", we see that 


[wle(t) = (-1)"e?"* eft) = e?POt/De(t), 
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Setting 
gatt) = | u(z,t) (2? — t)" dz A+++ Adén, 
e(t) 


we see that in this way, we can define a locally constant sheaf of vector spaces 
of dimension 2 on the open set V — {0}, spanned in a half-neighbourhood 
Imt > 0 of the cut VOR? by the two functions f(t) (which we simply write 
fa(t)) and ga(t), with the monodromy matrix. 


1 1 
0 e2ti(atn/2) < 


We immediately deduce that ga(t) = Va(tt?t"/*, uy € O(D*). 
On the other hand, since (e?7*(¢+"/?) — 1) f,, — gq is invariant under mon- 
odromy, it also belongs to @(D*). We distinguish two cases: 


Jo * 
1) a+n/2 ¢ Z: fe= e2mi(atn/2) — | mod O(D ye 


2) a+n/2 € Z: the monodromy matrix is therefore 


1 1 

O 1}- 
We deduce that f, — galogt/27i is invariant under monodromy, i.e., fa = 
Jologt/2ni mod @(D*). 


In fact one can find an upper bound for the integral (1.1) to obtain more 
precise information on the asymptotic nature of f and g near the origin. 


The behaviour of g, near the origin 


Let us suppose that t is sufficiently small that we can choose the curve €; to 
be the circle centred at +t with radius Vt. Then gq(t) is given by: 


Go(t) = / aad (vép6,t) (p? — 1)" p”“*dp dé. 
eyx9nr-l 


Here, €, is the cycle represented by the unit circle centred at +1 and oriented 
in the negative direction, and the branch of (p? — 1)® is chosen so that its 
value at the origin of ¢, (which is also 0) is e7’®. 

Note that, for fixed t, the function 


pr u (pC, t) do 
Sn-1 
is an even function which is holomorphic at the origin. Thus (p,t) 
Peas u(t pC, t)d¢ is a continuous function for p € €1, and, in a neighbour- 
hood of 0, and for fixed p in €, this function is holomorphic in t at the origin. 
This proves that 


va(t) = i u (vi pé.t) (0? —1)* p""dpd¢ 
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is holomorphic at the origin. Furthermore, we have 


Va (0) = Foyt) i (0? — 1)" p" "dp 


I (n/2) 
ee oo. I (n/2) D(a +1) 
= Fam x i sinta T+a+n/2) 


(0) = Qin! ”/2u(0, 0) if —(a+n/2) ¢N 
"OW" "Tah (l+a+n)2)  andagN. 


In the case a € N, the function p Son—a U(VEpC, t)(1 — p*)%p"—1dC is 
holomorphic in a neighbourhood of the unit disk centred at 1, and therefore 


Ja(t) = 0. 
On the other hand, if —(@ + n/2) € N, we can replace the integral 
J, — p?)*e" "dp with an integral along a circle of arbitrarily large radius, 


which will tend to zero when the radius of this circle tends to infinity. Thus 
Vo(0) = 0. In fact, one can show that 0 is a zero of vq of order at least 
—(a+n/2), i.e., ga is holomorphic at the origin. 

Let us write the dependence of gq on u explicitly. By differentiating under 
the integral sign, 


(1.4) ght) = ga (S4,t) — aga—(tst) 


If we assume that 0u/J0t, 0?u/Ot?,... satisfy the same decreasing conditions 
at infinity as u, then this formula shows that gq—1 is holomorphic at 0 if gq is. 
Since ga(t) = va(t)t?+”/? is holomorphic for a+n/2 € NU{O}, then g_1~n/2, 
g—2—n/2,--- are also holomorphic at 0. 


The behaviour of f, near the origin 


Let us choose at to be the semicircle of radius Vt centred at +. which is 
contained in the lower half plane, extended by the real half-axis [2V/t, 00). 

For the integral along the semicircle, we will use an upper bound which 
resembles the one given earlier. On the other hand, the integral along the 
half-axis [2\/t,00) can be written 


[feo war prracdo= ff +f fe 
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The integral [yf gn-1 is obviously uniformly bounded for ¢ sufficiently small, 
and for Rea > —1 we have 


N 
es 


Hence 


N?2 
< cst x f (p — t)* dp = Cst x [log (N? — ¢) — log 3] . 
4 


t 


lim t fa(t) =0. 


This result, along with the study of the behaviour of gq shows that 


(1.5) lim tka(t) =0 for Rea>-l, 
and so g 
fa e2ti(atn/2) _ | if a+ n/2 ¢ Z 
—— 
a log t 
ee if a+n/2€Z. 
207 


Since we have already shown that k,, is a single-valued analytic function 
on V — {0}, condition (1.5) shows that k is in fact holomorphic at 0 for 
Rea > -l. 

Finally, the fact that k, is holomorphic at 0 for all a can be easily deduced 
from the formula for differentiating under an integral which resembles (1.4). 


Remarks. 


1) There are two parts to the above analysis. The first is geometric, i.e., 
the study of monodromy, and the second consists of finding upper bounds 
which lead to more precise formulae. 


2) The example above is not so special. In fact, under the following general 
hypotheses: i) X — T' is smooth, ii) w is a relative multivalued differential 
form of maximal degree, such that its sheaf of determinations is of dimension 
p= 1, iii) 7]Y : Y > T has a “fold type singularity” as in example 1), then 
we see without difficulty that the integral of w has singularities of the same 
type as that of example 1). 


The generality of example 1) is now clear, since singularities of “fold” type 
are generic (on the other hand, the restrictive hypothesis 4 = 1 was only 
made here to simplify the calculations. It would not be difficult to consider, 
more generally, a form of Nilsson type > s® log?s dz, where s = z7 — t). Thus, 
example 1) suggests a programme to study “typical generic integrals”. 


2 Second example 


We will content ourselves with doing only the geometric part of the analysis 
of the integral of a form with a singularity of “cuspidal” type. 
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Let, for example, 
f.(t) = | (x? + t)a + tz)” de. 
R 


As in example 1), we make sense of the integral by doing a complex displace- 
ment of R in every fibre above (t1,t2) € T = C?. 


“-------------|----x 


For this, we take an infinitesimal displacement of R? which is transverse to 
the real surface of singularities Yp = {(2, ti, t2) € R?; v3 +ti2+t2 =0} and 
which is compatible with the projection map onto Tz = R?. To each point of 
Tz outside the curve 4¢} + 27t3 = 0, there corresponds a real point and two 
complex conjugate points of Y in the fibre over (¢,, 2). It is clear that there 
are only two such displacements which give us two families of displacements 
of R® in C? which avoid the cusp, and are compatible with the projections 
onto Tg. By integrating over the homology classes h~(t) obtained in this way 
in the fibre over t = (t,,t2), we define two integrals f+(t) (but, unlike what 
happened in example 1), these two integrals are not analytic continuations of 
each other). 

To finish off, one would have to study the monodromy of f*(t) and fz (t). 
This monodromy is more difficult to study here because we have a represen- 
tation of the (non-abelian) group 71(Z*, to) in Hy(X¢,,V) (where T*, X7,,V 
are defined as in chapter X). 


XII 


Hyperfunctions in one variable, hyperfunctions 
in the Nilsson class 


Sato’s theory of hyperfunctions is a natural setting for studying the boundary 
values of analytic functions. In the case of a single variable, this theory is very 
simple: here we will present what is necessary to study the boundary values 
of functions in the Nilsson class (“hyperfunctions in the Nilsson class”, which, 
in reality, are just distributions of a very special type). 


1 Definition of hyperfunctions in one variable 


Let I be an open subset of R. Then we define a complex neighbourhood of I 
to be an open subset U of C containing J, such that J is closed in U. 


In the following, we will use the notation @(U) (resp. -W(I)) to denote 
the set of holomorphic functions on U (resp. complex-valued real analytic 
functions on I). 

Let I be an open subset of R, and let f; € @(U; — I) and fo € G(U2—1), 
where U, and U2 are two complex neighbourhoods of J. Then we say that f; 
is equivalent to fo if f, — fe is the restriction of a holomorphic function on 
U1, NU» to (U; N U2) — I. It is clear that this is an equivalence relation. 
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1.1 Definition. We define a hyperfunction on J to be any equivalence class 
with respect to this relation. If f € @(U — I), the hyperfunction defined by f 
will be denoted by [f]. Let A(1) denote the set of all hyperfunctions on I. 

Let [f1], [fe] € A), g € WD) and let g € @(U) be a complexification of g 
(i.e., g|I = g, where U is a complex neighbourhood of J). Then we easily see 
that [f1 + fe] (resp. [g fi]) only depends on [f;], [fo] (resp. g and [/,]): in this 
way, we can define the sum [f1] + [,f2] of two hyperfunctions, and the product 
g|fi] of a hyperfunction with an analytic function. These two operations define 
a M(I)-module structure on A(1). 

With these definitions, let f ¢ G(U — I). By replacing U with a smaller 
complex neighbourhood if necessary, we can assume that U — I has two con- 
nected components, which enables us to write f = f,—f_, where fi(z) = f(z) 
(resp. f_(z) = —f(z)) in the part of U contained in the upper-half plane (resp. 
lower-half plane) and f,(z) = 0 (resp. f_(z) = 0) in the other part. Then 
[f] = [f+] — [f+]. 


1.2 Definition. The hyperfunction [f,] (resp. [f_]) is called the upper (resp. 
lower) boundary value of f. 


Example. Let 6 = —54,[1/2] be the Dirac hyperfunction defined on an arbi- 
trary open subset of R which contains 0. Then we have 


ee 1 1 1 
~ Ii\atiNO «—id/’ 


where 


1 1 
x—i0 (=) _|- 

Returning to the general case, the introduction of the hyperfunctions [f+] 
enables us to identify @(I) with a submodule of A(I). To see this, let g € 
M (I) and let g € G(U) be a complexification of g. By definition, we have 
(g] = 0, and hence [g+] = [g_]. In this way, g +> [g;] = [g_] defines an 
isomorphism from .@(J) onto a submodule of A(L). 


2 Differentiation of a hyperfunction 


Let [f] be a hyperfunction defined by f € G(U — I). Then [f’] is a hyperfunc- 
tion which only depends on [f], which will be denoted by [f]’, and which will 
be called the derivative of the hyperfunction [f]. 
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Example. Let 6 be the Dirac hyperfunction defined above. We have: 
1 1 
= — |] - 
Qri EB 


sm on E: |. 


2Qrin! n+1) 


More generally, 


3 The local nature of the notion of a hyperfunction 


Let I’ Cc I be two open subsets of R, and let [f] € A(1) be defined by 
f € GU — 1). Since U’ = U — (I — I’) is a complex neighbourhood of I’, 
[f|U’ — I’] is a hyperfunction on I’ which we call the restriction of [f] to I’, 
and which we denote by [f]|J’. 


3.1 Definition. Let J =U, Ia, where (Ja)q is a family of open subsets of R. 
A local hyperfunction on I is a family (ha)a, where ha € A(Iq) such that 


(3.2) Va,8 Malla Ig = hella N Ip. 


3.3 Theorem. Suppose we are given a local hyperfunction (ha)a on I. Then 
there exists one and only one hyperfunction h € A(L) such that for all a, 
h|I, = ha. In other words, hyperfunctions form a sheaf on R which we call 
the sheaf of hyperfunctions on R. 


Proof. The proof of theorem 3.3 is based on a classical theorem due to Cousin, 
which we state here without proof: 


3.4 Theorem. Let (Uq)q be a family of open subsets of C, and for each a, 3 
suppose that there exists a function fag which is holomorphic on UyNUg such 
that we have 


(3.5) Va, 3B fas + faa=90 on UANUg; 
(3.6) Va, 8,7 fas + fay+fya=90 on Ugnugnuy. 


Then there exists a family (fa)a such that Va, fa € G(Ua) andVa, 6, fag = 
fo — fg on Ua A Ug. 


The proof of theorem 3.3 can be immediately deduced from theorem 3.4, 
as follows. Let fa € @(Ua — Iq), and fg € O(Ug — Ig) be the representatives 
of the classes which define the hyperfunctions hy and hg respectively. Then 
condition (3.2) can be expressed as: 


fa a fa = fas, 
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where fag is the restriction to (UaNUg) — (Za NI) of a holomorphic function 
on U,M Ug which we will denote from now on by fag. 

We therefore have a family of functions (fag) which are holomorphic on 
U.Ug and which certainly verify conditions (3.5) and (3.6). By Cousin’s 
theorem, there exists a family (ga)q such that gq € G(Uq), and: 


Va, @ fob = Ja — 9B on Ua Us. 
But then the function fy — gq in turn defines ha, and we have: 
Va,B  fa-da=fa-98 on (UaNUg) — (la Ip). 


This shows that the family (fa — ga) can be extended to give a function 
f C 0 (U. Va > a Iq). 


4 The integral of a hyperfunction 


Let h be a hyperfunction on I with compact support K, i.e., h = [f], where f 
is holomorphic on U — K, and U is a complex neighbourhood of J. 

Let I’ be a closed curve in U — K which surrounds kK. Then Cauchy’s the- 
orem shows that the integral — ¢,, f(z) dz does not depend on I’. By Cauchy’s 
theorem once again, this integral only depends on h = [f]. It is this integral, 
denoted fh, which we will call the integral of the hyperfunction h. 


Z 
, 


Example. Let us calculate the integral f g(x)5"(x)dx, where g € .@(R). 
Let g be holomorphic in a complex neighbourhood of R such that g|/R = g. 
Then (int 
’ -iytttp 
g(2)5)(z) = a2] 
z 


2rin! 


is a hyperfunction with support {0}. Cauchy’s integral formula gives 


/ g(2)5 (a)de = —O" f, HAGE _ (0), 


2Qrin! 


which subsequently enables us to identify 5”) (x) with the n-th derivative of 
the Dirac measure concentrated at 0. 
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5 Hyperfunctions whose support is reduced to a point 


Consider, for example, a hyperfunction h with support {0}. Let f ¢ @(U—{0}) 
which defines h. 

Let f(z) = 0o° <a + g(z) be the expansion of f in a neighbourhood of 
the origin, where g(z) is a holomorphic function. Then 


h=[fl= 5 Qmi(—1)"** n! an 5 (a). 
0 


We therefore see that h is not a distribution in general, because every 
distribution whose support is reduced to a point is equal to a finite sum of 
derivatives of 6. 


6 Hyperfunctions in the Nilsson class 


Recall that a function in the Nilsson class on an open subset U of C is a 
multivalued analytic function of finite determination on X —Y, with moderate 
growth near Y, where Y is a set of isolated points of U. 

We have already proved that f is in the Nilsson class on U if and only if it 
is a solution of a differential equation which has only regular singular points 
on U. 


6.1 Definition. h = [f] is a hyperfunction in the Nilsson class on an open 
subset J of R if f € G(U — I) is a branch of a function in the Nilsson class 
on U. 

Note that this is a local definition: the set of hyperfunctions in the Nilsson 
class forms a subsheaf (a sheaf of submodules) of 4, which we denote by 
Bris: 


6.2 Theorem. h € Byis(L) if and only if h is a solution of a differential 
equation on I with regular singular points, i.e., 


dt! at 


(6.3) anh + (2) 


h+---+a,(x)h=0, 


where each a; is a meromorphic function having only poles of order < 1, or, 
equivalently, if and only if h is a solution of a differential equation of the form 


(6.4) (22) note (22) na +5u(ayh =o 


where b; € @(I). 
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Proof. It is easy to prove that h is a solution of (6.3) if and only if it is a 
solution of (6.4), where the b; are suitably chosen. 

Now let us show that these conditions are equivalent to h € @yiis(I). Since 
our conditions are obviously local, it is enough to consider just one singular 
point which we can assume is situated at the origin. 

In this case, the condition is obviously necessary. Conversely, let us suppose 
that h = [f] is a solution of P(ad/dx)h = 0, where P is a polynomial with 
coefficients in .@(I). By definition of the derivative, 


[P (zd/dz) f] =P (*z) h=0, 


and therefore P(zd/dz) f = g € O(U), where U is a neighbourhood of 0 in C. 
Then g can be written: 


g(z) = z*u(z), we GU), u(0) 40. 


20 se 


where b = k + u’/u is holomorphic in a neighbourhood of 0. Therefore f is a 
solution of 


Now g is the solution to 


Q (zd/dz) f = (ee - u(2)) P (zd/dz) f =0 


which proves that f is an analytic function in the Nilsson class. 


We see by the above, and by the expansion of a multivalued function in the 
Nilsson class in terms of powers of logarithms, that Ayiis(J) is a submodule of 
(I) spanned by the hyperfunctions (x£20)* = [z¢], log? (+70) = [(log? z)4 
(and their transforms under translations). Hyperfunctions in the Nilsson class 
therefore form a very special class of distributions on I. 


XIV 


Introduction to Sato’s microlocal analysis 


1 Functions analytic at a point x and in a direction 


Let x € R”, and let v be a direction in R”. Let us consider the set of all 
holomorphic functions on open subsets of C” of the form U + iI’, where U is 
an open neighbourhood of z in R", and I’ is the intersection of the ball B? 
centred at the origin with radius ¢, with an open convex cone with apex O 
and containing the direction v. 


Let fi € G(U, + i©,) and fe € G(Uz + iI) be two such functions. 
Then we say that fi 7s equivalent to fo if they are equal in the intersec- 
tion (U; + if) N (Uz +214). Each equivalence class for this relation is, by 
definition, a function which is analytic at x in the direction v. 

The functions which are analytic at points « of R” in the directions v 
are therefore kinds of “germs” defined not on R” but on the fibre bundle of 
directions tangent to R”. Note that the open sets U + iI’ do not contain z! 


2 Functions analytic in a field of directions on R” 


Let v be a field of directions on R” which are defined on an open subset U 
of R”. Then we define a function which is analytic in the field of directions v 
to be a function f which is holomorphic on an open subset of C” of the form 
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{z+iy;«eU, y € Iz}, where each I, is the intersection of a ball B? with 
a convex open cone with apex O, containing the direction v,.! 


Example. Let Yp be a smooth hypersurface in R” defined by an equation of 
the form s(#1,...,2%n) = 0, where s is an analytic function on R” with real 
coefficients. Let Y be the complexified hypersurface of Yp which is contained 
in a complex neighbourhood U of R”. Let v be a field of directions which are 
transverse to Yg. Observe that the function [s(z)]* (a € C) is analytic in the 
field of directions v. 


By the above, we can in effect find a family of sufficiently small displace- 
ments of R” which avoid Y, whose associated infinitesimal displacement is v. 
This means that we can find an open subset of C” corresponding to the field 
of directions v in the way indicated earlier, such that s(z) does not vanish on 
this open set; then [s(z)]®° is defined and holomorphic on it. 

Note that, from the point of view of “boundary values” (cf. §3 hereafter), 
there is no point in distinguishing between: i) the function [s(z)]* considered 
as an analytic function in a field of directions v transverse to Ye, and ii) the 
same function, considered as analytic in every other field of directions which 
are transverse to Yr in the same direction. However, it is absolutely essential 
to make a distinction from [s(z)]* considered as an analytic function in the 
field of directions which are opposite to v. This idea will appear more clearly 


in §4. 


Let us try to apply the preceding notations to the singular integrals which 
we have already considered (Chap. XII). 


1) In the first example, we showed that the integral of a function which 
is analytic in a field of directions v transverse to the paraboloid x? — t = 0 is 
a function which is analytic in the field of directions given by the projection 
of v onto Tr = R (see Fig. XIV.1). 

This means, moreover, that the integral is a function which is analytic 
in the half-neighbourhood above the open interval J in R (see Fig. XIV.2). 
Likewise, by considering the field of opposite directions to v, we have a function 
which is analytic in a half-neighbourhood below I (see Fig. XIV.3). 

2) In the second integral, the integrand is analytic in the two opposite 
fields of directions which are transverse to the surface x® + ty7 + ty = 0. 


' Here, again, it would be more correct to define “a function which is analytic in a 
field of directions” to be an equivalence class defined as in 81. 


3 Boundary values of a function which is analytic in a field of directions 193 


6 
0 
Fig. XIV.1. 
0 I 
6 I WL LU 
Fig. XIV.2. Fig. XIV.3. 


Thus the integral is analytic in the two opposite fields of directions which are 
“transverse” to the curve 4t? + 27t3 = 0 in R? (see Fig. XIV.4). 


= > 
= 

= e 

= oe 

Fig. XIV.4. 


Exercise. Check that there does not exist a complex displacement of R? 
which avoids the complex points of the curve 4t} + 27t2 = 0. How can you 
reconcile this with the results on the analyticity of the second integral in 
chapter XII? 


3 Boundary values of a function which is analytic in 
a field of directions 


Using the notions introduced above, we can define the notion of the boundary 
value of a function which is analytic in a field of directions. One can either 
work with distributions or hyperfunctions, according to one’s personal taste. 
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3.1 Boundary values in the sense of distributions 


Let f be a function which is analytic in a field of directions v on R”. Consider 
the distribution defined by 


(Tp) = lim be f (a+ tyr(a)) p(a)dz, Vee Ce (R"), 
where y,(x) = Ave, A > 0. 
In other words, (T,y) is the limit of integrals in the space R” which has 
been slightly displaced in the direction v. 
Here it is necessary to assume a “moderate growth” condition for f(«+iy) 
as ||y|| — 0 in order for the limit to exist and define a distribution, which is 
called the boundary value of f in the direction v. 


3.2 Boundary values in the sense of hyperfunctions 


This theory is more formal. The notion of a hyperfunction is defined using 
a sum of “formal” boundary values, with a rather sophisticated equivalence 
relation which we will not write down explicitly here (this definition, in the 
case n > 1, can only be introduced in a natural way using the language of 
cohomology). 

Recall the: 


3.3 Theorem. Every distribution on R” can be written as a sum of boundary 
values of functions which are analytic in at most n+1 fields of directions (we 
can fix from the outset any n+ 1 directions whose convex hull is the entire 


space). 


Remark. The decomposition given by theorem 3.3 is not unique. Consider, 
for example, a distribution which is invariant under rotations around the origin 
— say, the Dirac distribution concentrated at the origin. Then, starting from 
any decomposition as boundary values, we can obtain other ones by rotating 
the n+ 1 corresponding fields around the origin. 


Examples. 

1) In the case n = 1, the theorem simply says that every distribution is 
the sum of two boundary values of functions which are analytic in the two 
opposite fields of directions, i.e., the sum of boundary values of two functions 
which are analytic in two half-neighbourhoods of R in C respectively. 

2) The distribution 6(s): Let 1/(s + 70), 1/(s — 20) denote the two analytic 
functions defined by 1/s in two fields of opposite directions which are trans- 
verse to the hypersurface s = 0 (see the example of §2, with a = —1). Then 
the distribution 5(s) is defined by 


(3.4) 5(s) = ~( : : ). 


277i \s +210 s—i0 
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——__—<—+ > 


oe 


We therefore obtain a decomposition of 5(s) as a sum of only two boundary 
values. 

3) Consider the distribution 5(x, y) = 6(x)d(y) on R?, where 6() is the 
Dirac distribution of R concentrated at x. 

By regarding 6(x) and 6(y) as distributions on R? associated to the lines 
x = 0 and y = 0 respectively, we have, by example 2), a decomposition of 
6(a,y) of the form 


44 1 1 
8) Sea) = = ( cti0 y x) 


where each term can be defined by a field of directions contained in one of the 
four quadrants of R?. 


Note that in this way we obtain a decomposition of 6 as a sum of four bound- 
ary values, one more than the number of boundary values required for the 
decomposition given by theorem 3.3. 


In the following, we will use the word “hyperfunction”, but the reader who 
is intimidated by this word can equally well replace it by “distribution” . 

In any case, what we are interested in here is not the notion of hyper- 
functions as a generalization of the notion of distributions, but rather Sato’s 
microlocal analysis, which is much more naturally placed in the context of the 
theory of hyperfunctions. 
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4 The microsingular support of a hyperfunction (or 
spectral support, or essential support, or singular 
spectrum, or wave front set, etc.) 


In the sequel, a cotangent direction (or a codirection) to R” will be an equation 
of a hyperplane in the tangent space modulo a positive constant factor. This 
comes to the same thing as saying that a codirection in R” is determined by 
a half-space in the tangent space of R”. 


4.1 Definition. i) Let h be a hyperfunction on R”. Let x € R” and let ¢ be 
a codirection at «. Then we say that h is microanalytic at the point x and in 
the codirection ¢, if h can be written as a sum of boundary values of functions 
which are analytic in all the directions which are situated on the wrong side 
of ¢ (i.e., situated in the half-space opposite to the one defined by ¢). 


ii) The set of all codirections where h is not microanalytic is called the 
microsingular support of h. 


The microsingular support of a hyperfunction is therefore a subset of the 
fibre bundle of codirections of R”. 


Examples. 

1) Let (s +10) be the boundary value defined by a function s which is an- 
alytic in a field of directions which are transverse to the smooth hypersurface 
Yr = {x € R”; s = 0}, where the directions point in the direction ds > 0. 


e Ifa ¢ Ye then the function is analytic, and therefore microanalytic in 
every codirection. In other words, the microsingular support is 2. 

e Ifa € Yp, then there is only one bad codirection, namely the one corre- 
sponding to the half-space ds > 0. 


In conclusion, the microsingular support is the field of codirections defined 
by the tangent half-spaces ds > 0. 

In the same way, we find that the microsingular support of (s —i0)° is the 
field of codirections defined by the tangent half-spaces ds < 0. 

The microsingular support of the Dirac hyperfunction 4(s) is therefore the 
union of these two fields of codirections. 


2) Now consider the hyperfunction d(x, y) = 6(x)6(y) on R?. We can cal- 
culate the microsingular support of 6 by calculating the microsingular support 


of each term in the decomposition (2) above. Consider, for example, the term 
1 1. 
z+i0 ' y+i0° 
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if (x,y) € (Ox) U (Oy), then the microsingular support is 2; 


if («,y) € Ox, « # 0, then there is only one microsingular codirection, 
namely the one which points upwards; 

likewise, if (x,y) € Oy and y 4 0, the only microsingular codirection is 
the one which points to the right; 

now let (x, y) = (0,0). Then the microsingular codirections are those whose 
correct side contains the first quadrant. In other words, the microsingular 
support of + 1_ at the origin is certainly included in the first quadrant 


~ &40" y+i0 
of the unit circle. 


In the same way, the microsingular supports of the three other terms in 


the decomposition (3.3) are contained in the three other quadrants of the unit 
circle. In fact, one can show that these microsingular supports are exactly 
these quarter-circles. Since the hyperfunction 6 is invariant under rotations 
around the origin, its microsingular support at the origin is the whole circle, 
which is the union of these four quarter-circles (in fact, its invariance under 
rotations shows that its microsingular support is either empty, or equal to the 
whole circle, but if it were empty, the “edge of the wedge” theorem would tell 
us that 6 is analytic at the point O, which is absurd). 


5 The microsingular support of an integral 


Can one say something about the microsingular support of an integral when 
we know the microsingular support of the integrand? 


First of all, let us return to the examples of chapter XII. 
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1) In example 1), the microsingular support of the integrand is the field of 
codirections determined by the half-spaces which are tangent to the paraboloid 
x? —t =0. On the other hand, the integral has just one microsingular codi- 
rection, namely the codirection at the origin which is the projection of the 
microsingular codirection of the integrand at 0. 


Lf — 


2) Likewise, in example 2), the integral has only one microsingular codi- 
rection, namely the one at the singular point of the curve 4t} + 27t2 = 0, 
which is the projection of the microsingular codirection of the integrand at 
the “cusp” of the hypersurface x? + tix + tz = 0. 


The situation described in these two examples is in fact very general: 


5.1 Theorem. Let Xp 7 Tp be a proper smooth map between real analytic 
manifolds, and let w be a relative differential form of maximal degree whose 
coefficients are hyperfunctions. 

Then there is a notion of the integral of w along the fibres of 7, which 
gives a hyperfunction on Tp whose microsingular support has the following 
property: 

A codirection ¢ at a point t € Tg can only be microsingular for the integral 
if there exists a point x in the fibre above t where the inverse image 7*(C) is 
a microsingular codirection for the integrand. 


The results and examples below suggest the following problem: 


Problem. Generalize the notion of a hyperfunction in the Nilsson class (de- 
fined in Chap. XIII for the case of a single variable) to the case of an arbitrary 
number of variables. 
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Can one formulate a “Nilsson theorem for hyperfunctions” , i.e., show that, 
under certain conditions to be specified, an integral of the kind considered in 
theorem 5.1 is in the Nilsson class if its integrand is in the Nilsson class? 

This problem seems to have connections with many other problems of 
great interest, and suggests numerous directions for future research. I will 
limit myself to mentioning just two examples by way of conclusion. 


5.2 Oscillatory integrals 


In many problems in mathematical physics, one encounters “oscillatory inte- 
grals” of the form 


f(k) = i @the(Binss tm) O(ay, 12+; @n)dx, +++ dkny, 


and one must study their asymptotic behaviour as k — oo. By writing 


f(k) = | ef 5(t — 8(@1,...,%n))p(41,---,Un)da1-+- darn, 
Ret 


we see that we can consider f(k) as the Fourier transform of the function 
fo®= O(t — s(a1,..-,%n))p(@1,---,%n)da1-++ dry. 
R” 


Let us consider, for the sake of argument, the case where s = a7 + -+-+ 22. 


By writing 
1 1 1 
ol )= 55 ( t—s+i0 <a): 


we see that f(t) is the difference between two integrals of the kind studied 
in chapter XII (namely f> (t) — f(t), where a = —1). We therefore have 
f(t) ~ [t"/? — 14, which gives another proof of the classical stationary phase 
formula 


f(t)~k-”/?, 


Suggested reading 


a) B. MALGRANGE — “Intégrales asymptotiques et monodromie”, Ann. sci- 
ent. Ec. Norm. Sup. 4° série (1974). 

b) V. ARNOLD — Uspekhi Mat. Nauk 5 (1973), English trans. in Russian 
Math. Surveys (1973). 


5.3 The behaviour of light waves in the neighbourhood of caustics 


This problem, which is attracting the attention of mathematicians once again, 
is closely connected to the previous one. 
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Suggested reading 


a) The classical physics textbooks on wave optics and the approximation of 
geometric optics. 

b) DUISTERMAAT — “Oscillatory integrals, Lagrange immersions and unfold- 
ing of singularities”, Comm. Pure Appl. Math. (1974). 


A 


Construction of the homology sheaf of X over T' 


Proposition 1. Let 7: X — T be a smooth map of real manifolds, and let 
dim T = r. For every subset P of T, let Xp =7~1+(P). Then for every point t 
of T, we have the following isomorphisms of homology groups (with integer 
coefficients): 


(Xt) x Ap +r (x, Xr_{1}) x lim p+ (xX, Xt_v) ) (Vp € N) ’ 
Ut 


where the inductive limit is taken over the direct family of open neighbourhoods 
U of t. 


Proof. 
a) Lemma. Let (A,B) be a pair of topological spaces, let {A;} be an in- 
creasing sequence of open subsets of A such that |) A; = A, and let {B;} 


be an increasing sequence of open subsets of B, such that |) B; = B. Then 


Proof. This is already true for groups of chains. 


b) First step: by applying the lemma to the pairs (X, Xp_v) C (X, Xr_44}), 
we obtain the second isomorphism (this does not use the assumption that 7 
is smooth). 


Second step: the smoothness of 7 proves that each fibre X; of 7 is a subman- 
ifold of X, and we therefore have an increasing sequence of relatively compact 
open subsets A; of X, such that X, = LU) A;. By applying the lemma to the 
pairs (Ij, @) C (Xz,@), we deduce that H.(X+) © lim H. (4%). 


Third step: the smoothness of 7 proves that every relatively compact open 
subset K; of X; has a neighbourhood L; in X such that 7|£; makes L; into 
a trivial fibre bundle with fibres K; and with base a small ball U; 3 t, and 
furthermore, such that 7 < 7 + U; C U; and Lily, C L; (see Fig. A.1). 
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By applying the lemma to the pairs (Lj; U Xp_u;, Xr_u:) C (X, Xr_ 444), 
where U} is a ball which is a little smaller than U;, we obtain the isomorphism: 


HA, (X, Xp_ ey) © lim Hy (LGU Xp_u, Xr_vs)- 
Now, by excision, we have the isomorphism: 
Hy (Li Xp_ur, Xr_ut) © He (Li, Lin" (Ui — Uj), 
and because L, is a direct product, we have: 
H, (Li, L, 07! (UG; — Uj) & Hy (Ky x Ui, Ki x (Ui -— UD) ; 

but since (U;,U; — U!) ~ (B,,S;r—1) (By is a ball of dimension r, S,_, its 
boundary), we have by Kunneth’s theorem the isomorphisms: 

y+, (K; x U;, K; x (U; = U;)) ~ A, (K;) & Hi, (B,, S;-—1) 
Therefore, 

Hy+r (X,X7_¢4) © lim Hy (Ki). 

By the second step, we finally obtain the first isomorphism of the proposition: 


Hpytr (X, Xr_q1y) © Ap (Xi). 


Example. X = $' x R,T =R,7: X — T is the canonical projection: 


Fig. A.2. 


X;, is a circle; let o be the cycle in X; represented by this circle; let I be 
an interval in T, t € J; then we can consider o x I as a cycle in (X, X7_41}), 
and the isomorphism H,(X;) * H2(X, Xp_,1}) is defined by [a] +> [o x I]. 
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The homology sheaf of X over T 


Let 7: X — T be a smooth map of real manifolds, with dim T = r. Then, 
for every p € N, one can define a sheaf of groups on T which is called the 
homology sheaf in degree p of X over T, and which is denoted by H,(X/T): 
it is the sheaf associated to the following presheaf: 


U(open subset of T) ~ Hp+,(X, Xr_u). 


By the previous proposition, the fibre of this sheaf over the point t of T is 
H,(X;). 
Pp 


Definition. A homology class of degree p on X; which depends continuously 
on t is a section of the homology sheaf of X over T' in degree p. 


Remark. In our setting, where 7 : X — T is a smooth map of complex 
analytic manifolds of real dim T’' = r = 2k, the homology sheaf of X over T 
in degree p is the sheaf associated to the presheaf: 


U(open subset of T) ~» Hy+on(X, Xr_v); 


the fibre of this sheaf over t € T is still H,(X). 


B 


Homology groups with local coefficients 


Let X be a topological space, and let VY be a locally constant sheaf of abelian 
groups on X. 

A (singular) chain of degree p in X with values in the local system of 
coefficients V is, by definition, a finite formal sum 7 a;s;, in which s; : A, > 
X is a singular simplex of X, a; is a section of the sheaf s;'(VW) on A, (where 
s, '(V) is the inverse image sheaf of Y under the map s;). These chains form 
an abelian group which we denote by C,(X,V%) (p € N). 

Let 7 : X’ — X be a continuous map of topological spaces, and let 
V' = wr 1(V) be the inverse image sheaf of Y under 7. Then we have a 
homomorphism of groups 7 : Cp(X’, ¥’) > C>(X,V) defined by: )7 ais, 
YS ats, = Vo aj si. 


Remark. In the left-hand expression, a; is a section of the sheaf s/-'(Y’), 
and a; in the right-hand expression is a section of the sheaf s>'(V), but it is 
clear that si-1(W’) = si-1(a-"(V)) = (1s))“1(Y) = 871 (VY). 


7 


Let d; : Ap-1 — A, (j = 0,1,...,p) be the face maps in the definition of 
the boundary of the standard simplex. Then we can define the “boundary” 
map: 


d: C,(X,V) — Cp-1(X, V) 
Pp 
S- 484 So(-1)) Ga; (s;od;). 
i j=0 i 


One verifies immediately that d? = 0, and as usual we define: 


Ker (Co(X, SV) oO i, v)) 


H,(X,V) = 
owe Im (Cpyi(X, VY) 4 Cp(X,Y)) 


This is the homology group of X with values in the local system of coeffi- 
cients VY, in degree p. 
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Let 7: X’ — X be a continuous map of topological spaces. One can check 
that d and 7 commute, and thus 7 induces a homomorphism of groups: 


H,(X',V') — H,(X,V). 


Ift : ¥ — W is a homomorphism of locally constant sheaves of abelian groups 
on X, we have an obvious homomorphism defined by: 


Cy(X,V) — C,(X, V) 
» ajsj -—> S- AYA Si, 


where a; = s, '(T)(a;) is a section of s;'(W) (see the figure). This homomor- 
phism commutes with d, and by taking the quotient, we obtain a homomor- 
phism of groups: H,(X,V) —- H,(X,V%). 


8, (V) V 


4 act ae 


8; (T) Ap rea. @ T 


ae ay 


Supplementary references 


by CLAUDE SABBAH 


I have indicated some bibliographical references which appeared after the 
first publication of the texts in this volume, in order to draw attention to the 
numerous extensions and applications of the subject. I will use the abbrevi- 
ation ITSLS to refer to the first text (Introduction to a topological study of 
Landau singularities), and ISSIH for the second (Introduction to the study of 
singular integrals and hyperfunctions). 


De Rham’s book “Variétés différentiables” remains a good reference for 
the first two chapters of ITSLS, which it covers in greater depth, and there 
now exists a translation of it into English [dR84]. The reader who wishes 
to become better acquainted with the theory of complex analytic sets could 
consult the books [GR65] and [Fis76], as well as the articles in the volume 
Vit90). 


Cohomological methods have been used in various forms, and notably 
the methods of sheaf cohomology as recounted in Roger Godement’s book 
God64]. This theory enables one to give a satisfactory presentation of de 
Rham’s theorem, which can also be found in recent work such as [Voi02] or 
Mor01]. With the impetus of the theory of hyperfunctions, a “microlocal” 
theory of sheaves and their cohomology was developed by Masaki Kashiwara 
and Pierre Schapira [KS90]. 


The article of Pierre Dolbeault in [Vit90] summarizes different pieces of 
work concerning Jean Leray’s theory of residues. It must be noted that the 
version of Leray’s theorem used in ITSLS has also been generalized for mul- 
tivalued differential forms and for (multivalued) forms with poles along an 
arbitrary complex hypersurface (the comparison theorem due to Alexandre 
Grothendieck [Gro66] and Pierre Deligne [Del70}). 


The most substantial progress has probably been made in the area covered 
in chapter 4 of ITSLS: 


e René Thom’s isotopy theorems [Tho69], which had already been used in 
[PFFL65], were completely proved by John Mather. Other proofs followed 
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later, in particular, the one by Jean-Louis Verdier [Ver76]. The proceedings 
of the conference at Liverpool held in 1970 [Wal71la, Wal71b] gives a clear 
indication of the considerable activity that has gone on in this area. The 
book by Mark Goresky and Robert MacPherson [GM88], as well as giving 
historical pointers and having a very complete bibliography, will also give 
the reader a precise idea of the results in the domain of the theory of 
stratified sets. It is interesting to note that the theory of stratified sets 
now incorporates a microlocal approach (see the book [KS90]) and its 
influence extends to the theory of linear partial differential equations. The 
two texts ITSLS and ISSIH collected in this volume are precursors to this 
unification. 

e The theory of singularities, based upon the ideas of Thom, underwent a 
period of rapid development between 1970 and 1980. In addition to the 
works of René Thom, which are gathered together in [Tho02], one must 
mention the work of Heisuke Hironaka, which exerted considerable influ- 
ence on the French school of singularity theory (see the volume [Pha73b]); 
also, the work of Vladimir Arnold’s school in Moscow, part of which is 
summarized in [AVGS86]; and, of course, the work of Frédéric Pham him- 
self [Pha67, Pha71b, Pha7la, Pha73a, Pha80a, Pha80b, Pha83b, Pha83c, 
Pha85, Pha87b]. Finally, John Milnor’s book [Mil68] opened the way for 
a topological study of isolated singularities. 


The Picard-Lefschetz formulae occupy a central place in the domain of the 
topology of complex algebraic varieties, as explained in [Del73] and [Lam81] 
(see also [Voi02]). They led to a study of the intersection form on the space of 
the vanishing cycles of a singularity, and are at the foundation of the relation 
between singularity theory and the theory of semi-simple Lie algebras. The 
reader can consult [AVGS86] and the references therein, as well as [Vas02] for 
numerous applications to questions where functions with integral representa- 
tions appear. 


The text ISSIH gives an elementary introduction to the theory of hy- 
perfunctions, for which the basic reference remains [SKK73], which is now 
conveniently supplemented by [KKK86]. One could also consult the volume 
[Pha75a], as well as the works [Mor93] and [Kan8g]. 


(Micro) functions in the Nilsson class are presented in the work of F. Pham 
[Pha75b, Pha76-77, Pha77, Pha83a], and also, for example, in [And92]. 


The book [KKK86] (in particular its Chapter III) remains a fundamental 
reference for understanding the importance of microlocal analysis for the study 
of Feynman integrals. The article [IS69] contributed as an important bridge 
between mathematicians and physicists in these questions. The development 
of the application of these techniques to the theory of S-matrices and Feynman 
integrals is reflected in the articles [Las68, Pha68, Reg68, Reg71, BP80, Bro81, 
Iag81, KS82, BP83, BD86]. The volume [RIMS76-77] contains fundamental 
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articles on the subject, such as [KK76-77] (see also [KK76, KK77a]), [KS76-77] 
and [Pha76-77]. 


Investigating the singularity structure of the Feynman integral by mak- 
ing use of the systems of micro-differential equations that it satisfies has led 
to important results [KK77b, KKO78, KK79]. The necessary tools from the 
theory of D-modules can be found in [Kas95], and in more recent books as 
[Bj679, Pha80b, Kas03, HTT08], supplemented by [KK81]. 


Resummation questions (as the resummation of renormalized perturbation 
series in quantum electrodynamics) has led F. Pham to consider such questions 
in relation with M.Sato’s approach. A survey can be found in [Pha88b] (see 
also [Pha87a, Pha88a]), which is expanded in the book [CNP93]. 
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